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Symbol

DEFINITION OF SYMBOLS

Rim radius

Gravity constant

Disk thickness at location r
Distance from axis of revolution
Poisson's ratio

Disk material density

Stress in radial direction;
positive denotes tension

Stress in tangential (hoop)
direction; positive denotes tension

Constant angular velocity, rad/sec
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G1.2 SOLID DISKS.

In this section some of the methods of analyzing rotating circular disks
are presented. The disks rotate about an axis which is perpendicular to the
disk. Because the methods for a final analysis of turbomachinery-type
hardware are quite involved, only methods for preliminary analysis which
assume constant stress across the disk thickness are considered. Since the
methods are preliminary, no modes of failure will be discussed at this time.

The geometry, coordinates, and stresses for a rotating circular disk

are shown in Figure G1.2-1.

b hir)

FIGURE G1.2-1. CONFIGURATION OF SOLID CIRCULAR DISK
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1.2.1 CONSTANT (UNIFORM) THICKNESS.
For solid circular disks rotating at a constant angular velocity with

uniform thicknesses and temperature fields, the radial and tangential

stresses (Ref. 1) are

2
g = (pﬂ (3+U) (1—X) (1)

r 8g
“and
o= (nvz) (3*“)— i _L-LLS-ELX—Z (2)
0 8g 3+u
where
X = 1% (3)
and
v=bw . (4)

The maximum stress occurs at the center of the disk (r = 0) and is given by

(o) - (o) _{ov) (3 +yu)

6~ max r'max 8g

(5)

If the disk is centrally clamped (Fig. G1.2.1-1), the in-plane stresses

(Ref. 2) become

g =(~ﬁ§')(b2 - ) (r2 +-§§E) (6)

2
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and
= 2 2 b (1*t3mr
% (ﬁxj_) [(b b §z) r 13) 3+u ] ™
where
U -owpedalb? [(3rubl-(1+y) al 8)
& 8 (1 +p) b®+ (1 - ) at
and
«?
€ = ‘(2"151"9- (9)

for values of r greater than a.

FIGURE G1.2.1-1. CONFIGURATION OF DISK WITH FULLY CLAMPED HUB
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For a solid disk with a uniform thickness and a varying temperature
field, the radial and tangentiél stresses are calculated using the procedure
given in Paragraph 1.3.2 (Disks with a Hole at the Center — Variable Thickness)
with the modifications described in Paragraph 1.2.2.

1.2.2 VARIABLE THICKNESS,

For a solid circular disk rotating at a constant angular velocity with a
varying thickness or a varying temperature field, the radial and tangential
stresses (Ref. 3) are calculated using the procedure given in Paragraph 1.3.2
(Diske with a Hole at the Center — Variable Thickness) with the following
modifications:

1. Station point 1 should be chosen at 5 percent of the rim radius (b).

2. The initial value in column 33 should be 1.0.

3. The stresses at the center of the disk (r = 0) are assumed equal
to the stresses at station point 1.

1.2.3. EXAMPLE PROBLEMS FOR ROTATING SOLID CIRCULAR DISKS.

I. Example Problem 1.

Find the radial and tangential stresses for the solid circular disk

shown in the following sketch.
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16 000 rpm

MATERIAL 6AI-4V TITANIUM
ROOM TEMPERATURE

0.25 in. (CONSTANT)} -

Solution:
E = 16.0 x 10° Ib/in.? .
p = 0.16 Ib/in.? .
p = 0.313
g = 32.2 ft/sec®= 386.4 in./sec? .
w= 16 000 rpm = 266.7 r/sec = 1675.52/sec .
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From equation (4)

v =bw= 15 x 1675.52 = 25 132.8 in./sec
and

v2 = 6.3166 x 108 in. /sec?.

Equation (1) becomes

_ 0.16 X 6.3166 x 10° r ) Ib in.? sec?
01'— 8 x 3.864 x 10° X3.313x(1_

152/ in.? sect in.

2
= _-—r—- 1 2
108 310 ( 225) Ib/in.

The following sketch depicts o

[ ]
108.31 |

>
5.0 10.0

16.0
RADIUS ¢ (in.)

Equation (2) becomes

2
= . 2
09 108 310 (1 385)1b/1n. .

The following sketch depicts Oy



Section G1.2

1 May, 1971
Page 7
4
108.31
2 s
UQ
] + 4 -
5.0 10.0 15.0

RADIUS 1 (in.)

II. Example Problem 2.

Find the radial and tangential stresses for the solid circular disk shown
in the following sketch.

MATERIAL 6AI-4V TITANIUM
ROOM TEMPERATURE

0.25 in. (CONSTANT)

f-— 16 in.
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Solution:
E ='16.0 % 10° Ib/in.2 .
p = 0.16 Ib/in. .
p = 0.313 .
g = 386.4 in./sec? .
w= 16 000 rpm
= 1675.52/sec.
The idealization for the finite-difference-type analysis is given in

the following sketch.

1675.52/s0c

-

-':_t:,,J J J

F

.—

NOTE: DIMENSIONS ARE IN INCHES.

The computations for the finite-difference-type analysis are given in

Table G1.2.3-1.



Table G1.2.3-1. Finite-Difference Analysis Computations of Example Problem 2

Kty - (1
LY L n-’ 396.4 | p E a (AT L~ +2.0 2) (9} (2) 9| 43 < 68) () [ 12) + (12),
n 1 2 3 ] 5 6| 7 3 9 n 11 12 13
1{0.73 1151 0.393 | 16.0~v107% [a | 0 | 0.1375 - - - 161. 3594 -
2| 5.375 1151 0.313 ] 16.0 a | o | 1.343 2.3125 .3781L 0.5791 < 313.5%67 3475.45
310 {o.25 1151 va13 | 1600 afa |25 2.3125 0,37%1 0.37%1 29 773 37 088.59
11125 {v.25 1151 0.313 | 16.0 a | o | 3.125 t.25 03125 0.3t25 44 960.9375 73 735.94
5[15.0 |1.25 1151 9.313 | 15.0 a{o |3.7s 1.25 1.3125 0.3125 64 743.75 109 711469
al )~ 113 ] Loy (4) + 113) ft.o~ () (7 ~19) (5] 58 1 (18) + a1s) | 15y - U9 146) - (19) | 15} - (19 [}~ [24) - | (20) ¥ (1)
< 113) 4 t1) () (e 1H48) x(21)

14 15 15 17 12 19 20 21 22 23 24 25 25
1 - A.0625 % 10°° 1 50195 < 108 |0 d0ed - 107 - - - - - - o 0 -
20,0195 + 128 [0,2625 w196 0.0133 0.0354 ~ £07F | 0.2530 ~ 1078 0,055 « 1075 | 0,078 < 10°° | Lg.2334~ 1075 | -nL1g0s v 0TR ] N -0.0991 % 107
3 [0.035% 23,0625 0196 0.0032 v.ul9 0.u53+4 0.03%8 1. 0815 -0.0158 VL0271 0 [H} -0.1514
+[0.0922 2.9625 0.0196 00066 0.00425 0.0103 1,02785 0.07075 0.0093 0.0522 v f) -0.2124
5 |0.1371 0.0625 9.0196 9. 0033 0,069 0.60%23 0,0263 T 0.0114 .0543 o 0 -4.2520
Te e T Ty T T [ o e e, ey, T

ot + -i26) -1 - 125) > 20 . (28) (29) ~ 3y 0 3 RELURSEINN U RIE D suamy | e =3 [(34) x37)
+125) +-126) N -135} +(36)
i +{31) {32

27 23 R 3u 1 32 33 31 35 36 a7 38 39
1 - - - - - - 1.9 1.9 1) 0.0 0.4137x 10°] 0.1136 ¥ 10° |n.1136 ~ 10°
2| 1.5467 ~0L 542 | 3.2694 -2.2824 co1az 10t {ovottrote® | 1eens 1.007 00192 108 | oottt - 6 u.1137 0.0952 0.1033
305540 0.3461 Lo.si3s 3.4967 S 0386 IR 10068 1.007. -n.U55 00334 0.1137 14.0595 0,081
ERDN R 0.1909 LIS ST DFEOAY 0. 306 -0.ul2 1006 103 LT =0, 0997 n.1137 u.n328 0.0646
50464 V1538 sy 0.3409 —0.0377 ~0.0143 100638 1oy -~ 1143 U091 n.1137 9.0 0.0452

6 o3eq

TL6T ‘Ael ¥
Z° 1D uo30ag
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Symbol

DEFINITION OF SYMBOLS
Definition
Inner surface radius
Rim radius
Modulus of elasticity
Gravity constant
Disk thickness at location r. |
Node (station) index
Distance from axis of revolution
Temperature (°F)
Coefficient of thermal expansion
Poisson's ratio
Disk material density

Stress in radial direction;
positive denotes tension

Stress in tangential (hoop) direction;
positive denotes tension

Constant angular velocity (rad/sec)

G1. 3-iv
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Gi1.3 DISKS WITH A HOLE AT THE CENTER .

In this section some of the methods of analyzing rotating circular disks
with circular cutouts at the center are presented. The disks rotate about an
axis which is perpendicular to the disk. Because the methods for a final
analysis of turbomarchinery-type hardware are quite involved, only methods
for preliminary analysis which assume constant stress, or linearly varying
stress, across‘ the disk thickness are considered. Since the methods are
preliminary, no modes of failure will be discussed at this time.

The geometry, coordinates, and stresses for a rotating circular disk
are shown in Figure G1.3-1.

1.3.1 CONSTANT (UNIFORM) THICKNESS,

For circular disks with a center hole that rotate at a constant

angular velocity with uniform thickness and temperature fields, the radial and

tangential stresses (Ref. 1) are

_{ov) (3 +u _2_3’3)
g 8 (1+‘Yz X xz

r (1)
and
() B+ 2 (4 +3u)x 2)
Ty~ 52 (1+-y Y +ﬁ— (2)
where

‘Y b ’ (')
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FIGURE G1.3-1. CONFIGURATION OF A CIRCULAR DISK
WITH A CENTER HOLE

x=£
b 1]
and
v= bw

The maximum stresses occur at r =~Nab and are

_(ovh 3+ (4 -y)?
8g

( crr)
_ max
and

_ 4 V4g3+ [1+-(——-E)—7-1_ '2].

3+ u

(4)

(5)

(6)

(7)
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The stresses may be determined by the computer program documented in
a NASA technical note.1

For a disk with a uniform thickness and a varying temperature field,
the radial and tangential stresses are calculated using the procedure given in
Paragraph 1.3.2.

1.3.2 VARIABLE THICKNESS.

The stresses in a circular disk with a center hole and a variable
thickness or a variable temperature ficld may be determined using a finite-
difference method (Ref. 2) . This method considers the point-to-point
variation in thickness, temperature, and material properties. The
computations are easily executed in a tabular format.

An idealization of the disk is made (Fig. G1.3.2-1) by sclecting
stations along the radius. Station { lies on the inner surface, and station N
lies on the outer (rim) surface.

Intermediate stations should be located at distances of 1, 2, 3, and 5
percent of the rim diameter from the inside boundary and at locations of

thickness, temperature, or material property variations. The radius at each

1. Byron Foster and Jerrell Thomas: Automated Shell Theory for Rotating
Structures (ASTROS). NASA TN-D-, Marshall Space Flight Center, to be
published.
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)
270 1 WA

1

FIGURE Gi.3.2-1. IDEALIZATION OF DISK FOR
FINITE-DIFFERENCE ANALYSIS

station is entered in column 1 (Table G{.3.2-1). In column 2 the idealized
thickness is entered. If a sharp discontinuity in thickness occurs, such as an
abrupt flange, the thickness should be faired in the disk contour, and the
faired disk used in determining the thickness. The mass density (corrected
if in a faired section) multiplied by the square of the rotational speed is entered
in column 3. Poisson's ratio and the modulus of elasticity are entered in
columns 4 and 5, respectively. The coefficient of thermal expansion, whick
must be an average value applicable to the range between the temperature
‘actually existing and the temperatures at which there is no thermal stress, is
entered in column 6. The difference between the actual temperature and the
temperature at which there is no thermal stress is entered in column 7.

The manipulations required in columns 8 through 34 are shown in the



Table G1.3.2-1. Finite-Difference Analysis Tabular Format

1 2 3 4 5 5 T ~ ) 1 11 12 13
S
. h o, £1%6.4 w B a AT [ES IS ey -ty af 2y iy Ch e U3 < (8) x i (e (1)
_ | . PSRNt
14 13 15 17 I s L 2 22 | 34 25 26
[1.2+ 4] . (20} « {10} -
) 13) 1.0t 13) 14) - (13) L) e gy LIT) v iy Ll?)n_l-u) (RN SRS IREP IR G}t i) - (1) thh - 47) t24) - (24) _, (8) = (21)
27 24 o o 1 B BT I G T 39 I 39
[022) x 119) = 4 23y« (qo) =] Jesy ~ 822y = | [0 = o) - F W23 - ctop= o T2y ugd)e (LT ETR L N S B R AL [o b { mhl B = o =
CIRREY STVRNEINI KR I A ] B BN R INESTANITO [ EVRRRN I T I B o T S . o e s R o0 .
n- ; Ly ) AT SN RN SR LR T U, (33) ~ (37) (34) < (37}
+ 126) + -126) 1 -y LR A NEN) “142) +(15) +(36)
JEN I B U G R O J

Gy 93ed

1,671 ‘Ael 1
€° 1D uo13o9g
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respective columns. Columns 33 and 34 are calculated simultaneously, with
column 33 having an initial value of 0.000 and column 34 having an initial value
of 1.000. Columns 35 and 36 are also calculated simultaneously, but each has
an initial value of 0.000.

In column 37, the term o

b denotes the blade loading at the rim and

is obtained by dividing the total centrifugal force at the roots of the blades by
the total rim peripheral area.

The radial stress, or, at each station is calculated in column 38. The
tangential stress: oe, at each station is calculated in column 39.

In using the finite-difference method, the accuracy of the results
Increases as the number of station points increases. The stresses may also
be determined by the computer program already cited. 2

1.3.3 EXAMPLE PROBLEMS FOR ROTATING CIRCULAR DISKS
WITH CENTER HOLES

I. Example Problem 1.

Find the radial and tangential stresses for the following circular disk:

2. Ibid.
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MATERIAL GAI4V TITANIUM
ROOM TEMPERATURE

P

Solution:
E = 16.0 x 10° psi,
p = 0.16 b/in.3,
= 0,313,
g = 386.4 in./sec?,

w= 16 000 rpm = 1675.52/sec,

2 _
‘Y - 15 = 0:1333, -

v =15 x 1675.52 in./sec = 25 132.8 in./scc.

and
v?= 6.3167 x 10® in*/sec?
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Equation (1) becomes
. 2
(0.16 x 6.3167 x 10°)(3.0 + 0.313) (1 + 0.1333? -———225 - -——5-4'205)
r” 3091.2 psi

= 1.0832 x 10° (1.0178 - 0,00444 r? -54-'—35‘5) psil.

The following sketch depicts O'r.A

108.32
g 54.16 |
bb
0 + " N N N
2s 5.0 75 10.0 125 15.0
RADIUS r {in.)

Equation (2) becomes

o, = 1.0832 x 10%. (1 +0.1333% - psi.

+ - L
: 1+0.939) o 4 oos)

(3 +0.313) 225

= 1.0832 x 10° (1.0178 - 0.00444 r* - é':'(I‘)g'i-)')lf)iii .

The following sketch depicts A
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21664 §
162.48 |
3
-3
o 108.32 {
54.16
0 +— + + +— + —t
25 5.0 75 100 . 125 15.0
RADIUS r {in.)

The maximum stress occurs at
r = 5.4772 in.

The stresses at that position are

o = 1.0832 x 0.7511 X 10° psi

= 0.8136 x 10° psi

and

0, = 1.0832 x 1.0733 x 10° psi

= 1.1626 x10° psi.
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Find the radial and tangential stresses for the following circular disk.

Solution:

E =

18 000 rpm

0.25 in.

16.0 x 10 psi.
0.16 1b/in.?
0.313.

386.4 in./sec’.

16 000 rpm = 1675.52/sec.

Q') MATERIAL SAI-4V TITANIUM

ROOM TEMPERATURE



Section G1.3
i May, 1971
Page 21

The idealization for the finite-difference-type analysis is given in the

following sketch.

123 6 8 9

|

|

NOTE: DIMENSIONS ARE [N INCHES

| e

10,0 —

The computations for the finite-difference-type analysis are given in

Table G1Q303-1o



Table G1.3.3-1. Finite-Difference Analysis Computations of Example Problem 2

n| r b pnwz/386.4 " E O] AT [ x @) K1) =) ] 1A2) x(9) 1(2) _ x(9) [(3) x(8) x (1) |(12) + (12)
+ 2.0

n 1 2 3 4 5 6 7 8 9 i0 11 12 13

1] 2.0 }o.25 1162.5 | 0.313 | 16.0x10° ja | 0.00 |0.5 - - - 1162.5 -

2 2.15 | 0.25 1162.5 0.313 16.0 a 0.00 §{0.5375 0.075 0.0188 0.0188 1 343.4142 "2 505.9
3| 2.3 |o.25 1162.5 | 0.313 | 16.0 o | 0.00 |0.575 0.075 0.0188 0.0188 1 537.4062 2 880.8
4 2.45 | 0.25 1162.5 0.313 16.0 a 0.00 }0.6125 0.075 0.0188 0.0188 1 744.4764 3281.9
5 2.75 1 0.25 1162.5 0.313 16.0 a 0.00 | 0.6875 0.15 0.0375 0.0375 2 197.85%7 3942.3
6 5.0 0.25 1162.5 0.313 16.0 [+ ] 0.00 1.25 1.125 0.2812 0.2812 7 265.625 9 463.5
7 5.5 0.25 1162.5 0.313 16.0 a 0.00 1.375 0.25 0.0625 0.0625 8 791.4062 16 057.0
8 |10.0 0.25 1162.5 0.313 16.0 [+3 0.00 (2.5 2.25 0.5625 0.5625 29 062.5 37 853.9
9 |12.5 ]o0.25 1162.5 |[0.313 | 16.0 o | 0.00 |3.255 1.25 0.3125 0.3125 |47 299.219 76 361.7
b |15.0 0.25 1162.5 0.313 16.0 a 0.00 §3.75 1.25 0.3125 0.3125 65 390.625 112 689.8

zZ 93eq

FL6T ‘Aepy 1
£ 1D UoT09g



Table G1.3.3-1 (CONCLUDED)

o |{9) x (13) 1.0+ (5) (4) x (15) [1.0+ (4)) (17) x {9) U7} ;= (9) (16) + (18) | (15) + (18) | (16) - (19) (15;‘_1- (18) K8) x (7) |[{24) = (24)n_‘ _(20) x (t0) .
x (15) + (1) -(8) x (21)
14 15 16 17 18 19 20 21 22 23 24 25 26
1 - 0.0625 x 10 ¢ | 0,0196 x 10°® [ 0.0411 x 10 - - - - - - 0.0 0.0 -
2 187.94 |0.0625 0.0196 0.0382 0.0029 x 10 780,003t x 107¢|0.0225 x 107 [0.0654 x 107¢| 0.0155 x 107 €] 0.0594 x 10°¢ | 0.0 0.0 -0.0347 x 10°%
3 246.06 |0.0625 0.0196 0.0357 0.0027 0.0029 0.0223 0.0652 0.0167 ©.0596 0.0 0.0 -0.0371
4 246.14 [0.0625 0.0196 0.0335 0.0025 0.0027 0.022¢ 0.065 0.0169 0.0598 0.0 0.0 -0.0334
5 594.34 {0.0625 0.0196 0.0298 9.0045 0.005 0.0241 0.067 0.0146 0.0575 0.0 0.0 -0.0452
6| 10546.4 [0.0625 0.0196 0.0164 0.0134 0.6335 0.038 0.0809 0.0139 0.029 0.0 0.0 -0.0904
7 4014,25]0.0625 0.0196 0.0149 0.0037 0.0041 0.0233 0.0662 0.0155 0.0584 0.0 0.0 -0.0896
81 85171.3 0.0625 0.0196 0.0082 0.0194 0.0335 0.038 0.0%09 -0.0139 0.029 6.0 0.0 -0.1809
9| 95452,1 [0.0625 0.0196 0.0066 0.0082 0.0102 0.0273 0.0707 0.0094 0.0523 0.0 0.0 ~0.2214
b| 140362.2 lo.0625 0.0196 0.0035 0.0069 0.0082 0.0263 0.0694 0.0114 0.0543 0.0 0.0 ~0.2520
Y[R O KD v B ] Bt e Y ) i) G JCTOl
» n;‘qze) . _(26) + 6) n-1 - -(26) - (26) + (26) +(28) x (34) |+(30) x (:mn_l +(28) > (38) [+(30) x @ae | =@ 18 x (an] (34) x (37
~(31) +(32) +(35) +(36)
27 23 29 30 31 32 33 34 35 36 37 38 39
1 - - .- - - - 0.0000 10000 0.0009] 0.0000 251 553.6 6.0 [ 251553.6
2 0.9424 0.0663 0.0663 0.9337 -354.2 -126.9 0.0663 1.59337 -354.2 ~121.9 251 553.6 16 323.8 | 234 753.7
3 0.9434 0.062 0.0647 0.9326 -379.7 -126.9 0.1204 1.8751 -721.4 271 231 5536 20565.7 | 219 861.5
4 0.9467 0.0584 0.0584 0.9391 -406.1 -138.1 0.1651 0.%284 -1105.0 ~436.7 251 553.6 40 426.5 | 208 050.9
5 0.9071 0.104 0.1062 0.8938 -876.5 -315.3 0.2360 0.7533 -1924.3 -§33.0 251 533.6 57442.3 | 189 930.1
6 0.6184 0.3418 0.4842 0.5188 -9527.6 -1 475.3 3.4051 0.5070 -10995,9 | _5838.2 251 553.6 90 905.5 | 121 709.5
7 0.9230 0.0871 0.0871 0.9129 -2 965.9 -1043.9 0.4181 0.4981 -13 625.5 -7 322.5 251 553.6 91 549.1 117 976.3
8 0.6164 0.3416 0.4809 0.519¢ -38 089.3 | -17991.4 0.4279 0.4596 48 989.4 | -28 244.7 251 553.6 58 650. 4 87 369.3
9 0.7981 0.1734 0.1757 0.808 -30 480.9 | -11985.4 0.4212 0.4465 -74477.0 | 43 414.6 251 553.6 a1 477.4 68 904. 1
b 0.8960 0.1536 0.1726 0.8409 -38 793. -14 812.9 0.4460 0.4482 -112 192.9 |-64 175.0 251 553.6 0.0 48 571.3

£z 98eq

TL6T ‘KBl T
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