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3.0 STRENGTH OF MATERIALS SOLUTIONS.

The assumption that a plane section normal to the reference axis be-
fore thermal loading remains normal to the deformed reference axis and plane
after thermal loading, along with neglecting the effect on stress distribution of
lateral contraction, lays the foundation of the approximate methods of strength
of materials. The exact results obtained by the methods of quasistatic thermo-
elasticity show that the accuracy of the strength of materials solution improves
with the reduction of depth-to-span ratio, if the variation of temperature along
the length of the beam is smooth. As in the case of mechanical loads, a con-
siderable error results in the vicinity of abrupt changes in the cross sections.

If the temperature is either uniform or linear along the length of the
beam, the assumption of a plane section is valid, and the strength of materials
method gives the same results as those given by the plane stress thermoelastic
method.

Since the effect of lateral contraction is neglected, lateral axial stresses
are zero; e.g., Uyy = Uzz = 0 1in the case of a beam with x-axis as the refer-

ence plane.

3.0.1 Unrestrained Beam — Thermal Loads Only.

3.0.1.1 Axial Stress.

For an unrestrained beam (Fig. 3. 0-1) the longitudinal stress (cxx)
is given by

- v I M -1 M
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Figure 3.0-1. General unrestrained beam,

CASE a. The y-z axcs are principal axes (I\'z = 0)

P 'TZ T
Tx - -aET+ N IZ y-l--‘—}-Iy z (2)

CASE b. The y-z axes are not principal axes. A new coordinate system
¥y, 2y i8 chosen which makes an angle 0 with y-z axes such that

M, -1 M
Iy T yz T

I M, -1 M ' (3

In the new coordinate system, which in general does not constitute
principal axes, the z axis becomes the neutral axis, and equation (1) in
this coordinate system reduces to

M /
PT T7 ¥1
Z |
= - 1, + ’ 4
o'xx aFT + A 1 (4)
2y
where
MT = f o BT (Xy yq 29 yq dAy
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3.0.1.2 Displacements.

Axial displacement u(x,y,z) with respect tothe u(0,y,z) is given

by
I - M
X | P yMT Iyz T
u(x,v,z) =u(0,y,z) + 4 f T + z y
'Y, » ¥ E A I1 - I'Z y
0 yz yz
(5)
IZ MT - Iyz MT
+ M 2 ). | dx
1 -1° i
yz yz
The average displacement u.w(x) of the cross section at a distance
X is ‘
x P
1 : T
_ — LR . 6
u_ (%) u (0 + — _(f) - dx (6)

Displacements v and w of the reference axis{v (x,y,z) = v(x, 0, 0);
w(x,y,z) = w(x,0,0)] are given by the following differential equations:

- M
1My LM

v 1 z y
dxt E 11 ~1° ’

y Z vy

(7)
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d’v -
ax*> = EI ’
‘ (8)

M
dw TX
dx2 - E1
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In y;-z; axes, defined by equation (3), equations (7) reduce to

M
d*v Tz,
axt = T T EI
Zy
(9)
d%w

(="
g:
I
<

3.0.2 Restrained Beam — Thermal Loads Only.

Considered henceforth in this paragraph are cases of beam cross sec-
tions having y-z axes for the principal axes.
The values P, My' and Mz are the axial force and bending moments

at any cross section resulting from the external forces and the reactions to the
restraints against thermal expansion; therefore, M and M _ depend only on
Yy Z

the constraining moments and shears at the restraints.

M
z

M, + V; x
0Z OZ ’

(10)

M
y

i

My, + Vy, x ,
Dy Oy

where the sign convention on moments and shears and M, and Vg4 are shown
in Fig. 3.0-2.

o

h— &=

Figure 3.0-2. Sign convention of moments and shears.
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The displacements v,w are given by

M_. +M
dv o Tz Z
dx® EI ’

Z

MT + M (11)
d’w _ y y
dx* EI

y

Solutions of equations (11) for the special case described by equation
(10) are

M
fxz sz) X 72 gy
V(X)'—"f _—-_dX1dX2+CO +C1 X'MO f “__I—dXZ
0 0 EIZ (x9) z z Z % L‘IZ(XI)
X X
- — |
VOZ f f EIZ(XI) dx1 dxz »
(12)
fx Xy Mp (x4 j?‘ j.‘? dx, dx
w(x) = ~ — —— ax, dx, + Cy_+ Cy x - M, -4
0 EIy (x4) y y Yo o hly(xz)
[
-V —L— dx; dx,
The bending moment and shear force at any cross section are
d’v
M =-E — -M ,
7 Iz dx ’1‘Z
d’w
M = - EI - M , :
y y —d_x? Ty (13)
dM dM
V = ————-z V = _._y
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Each of the two equations (12) has four unknowns, C4, Cy, M, V,,
which are calculated from four boundary conditions, two at ench end of a beam,

3.0.2.1 Evaluation of Integrals for Varying Cross Sections.

For a general cross section as shown in Fig. 3.0-3 the following
notation is chosen;

b = bgh (xy) h(xy) =1+ H (_')15:) ’

) N -~ X
d=deg (%) g(x) = 1+ G ( L) ,

. X
where b, and d, are reference width and depth at x - €5 x4 - .

Yy
4
y
A= i\ﬂh(x” }.';(XI)
d
¢ I I h(x) 2tx))
Z ’.’(‘,
‘ 0 I 1 h(xg) g(x)
¥ A LA
I
- Yo .

Tirure 3.0-3, Generol cross section,

Letting the temperature variation be reprosented by

T(x.y.2) =f(x) V{y,2
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the necessary integrals become:

P. < [ @ETAA- 0B f(x) glxy) h(x) [ vda, |
A Ag

M = f @ ET_dA = @ Ef(x) g(x;) h(xy) [ vzaa, |
y A Ag

M jA @ BT dA - @ Ef(x) g(x)) h(xy) [ vyda,
:’\0

< M x
1
: ¢ f
TI‘X- dx = f V?_dz\of —hzg(z‘(‘a) dx;
0 Ty oA 0 *
X MT %
2 A LN (¢ )
J o dx J Vyarg J kg UF
0 7z ZO AO 0 i 1
fx xdx 1 Jz-’“ x; dx . f?‘ dx 1 M dx .
D) B I o 4 . X - I; . ).
0 IZ 120 0 h(xy) ¢’(xy) 0 ”z IZO 0 h{xy) g7(xy)

The integrals necessary to evaluite PT, MT , and MT for a

y z
particular cross section and temperature distribution can be evaluated as
follows:

Let

Fo= [ vda,
Ay

Fiy | vyda,
Ag
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and

Fi_ = | Vzda,
Ag

Then, letting V{y,z) = anynzm, which is a polynomial representation of
the temperature variation in the y- and z-directions, F,, F1y’ and F; can
z

be evaluated for common shapes. Table 3.0-1 gives these evaluations for
several common shapes and various values of m and n. Table 3.0-2 gives
values of F, and F‘y for rectangular, triangular, elliptic, and diamond

cross sections when m =0 and n= 0 - 5. Table 3.0-3 gives values of F,
and F‘y for several standard shapes for various values of m and n.

3.0.2.2 Restrained Beam Examples.
In the following examples, since deflection, moment and shear equa-
tions along the y- and z-dircctions are similar, orly the results of the bound-

ary value problem in the y-direction are given (i.e., m = ().

I. Simply Supported Beam.

A. PRoundary Conditions:

v ZOGX:O, L

d%v R
M= -FI —— ~-M_ =0&x=0,L
z z dx T7

VO = ]\Iﬂ =1)
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TABLE 3.0-1. EXPRESSIONS FOR Fy, Fly’ AND F; FOR COMMON SHAPES.
z
RECTANGULAR
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5 b
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4V b m+1 d n+1
—mn___ a1 —0 m, n:-0,2,4,6. .
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—mn__ (—bﬂ) (Eﬂ) m=0, 2, 4
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F, = {(m+1) (n+2) 2 2 n-1,3.5. .,
y
0 m=1, 3,5, n=0,2,4,6
v m+2 d n+1
i (37"
(m+2) (n+1) 2 2 m=1, 3, 5
F1 =
4
n=1,3,5
0 m=0, 2, 4. .
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where
(e (et 1\
T (mE-y! (n+1+i) " 3
0 m 0,2, 4
F -
l;‘, 2vmn I m+ 2 e 1 [n-{‘-,’; N
— \F dy S T ’ m 1,13,5
m+2 2 S nm+2
i
where
{(m+2)! nl

{ n+i
i (mese ! (e (" d')




Section D
October 15, 1970

Page 17
TABLE 3.0-1, (Continued)
ELLIPTIC
Y
do
2
z 0
%o
2
bk b
2 2
TV m+1 n+ 1 KL \ , e .
mn lw_u c_ln (.,)z n' (m+n-D(men=-. ... (TI{H DD m,n U,2,4,6
F m+1 2 2 - {nam-1)0 (onE) (mitn), oL (M) {6) () and m+n o
0 =
Q morn 1,3, 5. ..
m
mn BQ m+ 4 _‘__1_11 n+-“.’).—‘:.'. (nt1)!  (nem)(n+m=-2). . (7Y {5)(3) (1) m o2, 6
F . m+1 P 2 - (n+m) ! {(nrm+3) (m+n+ ). .. (S (G} () no1,3,0
ly
(+ n 02 4 60orm 1.0, 56 ..
, m+ 1
an(_!m)mha _th n+t o 2 . n' Codnemy (em-2) L L (T Ny o mo 150
¥ m+2 2 2 B {n+m) ! (m+n+dy (menel) oL (8B 0 0,24
1
0 ni,3.5 or m 02,446




TABLE 3.0-1. (Continued)

DIAMOND

Section D
October 15, 1970
Page 18

Yy

m,n-0,2,4. .
FO -
0 m orn=1,3,5
4 ! 1)! m +
anm (nt1) 20. +1 Eﬂ n+2 m=0, 2,4, 6. .
{mm+3) ! 2 2 n=1,3,5, .
F1 =
y
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4 m+1) 'n! +2 1
Vinn MRS g NP2 g L s s,
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( Continued)

o
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I
I

2an _t—mﬂ an+1+ el X b m+1
(m+1) (n+ 1) | \ 2 ¢ 2

m-0,2,4,6
n0,24,6

[m—w) n+1] }
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(m+1) (n+2) 2 ‘ 2 n 0,24
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TABLE 3.0-1. (Continued)
I-SECTION
Y
T L |
|
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|
d z -._l.-t
el !w —
¥
[ |
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d n+1
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NOTE: z-Section can be approximated by I-Section with respect to its
principal axes. The results above arce applicable to this section.
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TABLE 3.0~1. (Continued)
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TABLE 3.0-1. (Continued)
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TABLE 3.0-1. (Continued)
RECTANGULAR TUBE
Y
B
— 1 |.__
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d
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TABLE 3.0-1. (Concluded)

CIRCULAR TUBES
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TABLE 3.0-2. VALUES OF F; AND Fly FOR FOUR

COMMON SHAPES

RECTANGULAR TRIANGULAR
¥
Y
Y -
2
3%
d z 0
0 I d
: [ NE;
2 | |
l, . | 6. |
i | o
by | B | z 7
2 2
m={0 m=0
F F n F F
0 ty 0 'y
1
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0 13 PodoVor |1 0 36 Podo Vor
1 3 1. .3 i 4
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1 5 y 1 4 | 5
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1 5 R 5 2 6
%bodo V04 0 4 270 bodo V04 _7(“"24“'3_) bo(lo V04
i 7 2 6 31 7
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Section D
October 15, 1970

Page 26
TABLE 3.0-2. (Concluded)
ELLIPTIC DIAMOND
¥ y
d
. 2
d Q
_n z
2 N /|
\’__4-{‘ | ™ | do
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TABLE 3.0-3. VALUES OF F; AND F’y AND F‘z FOR

COMMON SECTIONS.

|v~—b = 2.00—]

 —————

t=0.125 —=|+—

w=0.125

Al
Fo= —— [ VdA, F, - == [vyaa
v y V 0
mn mn
n
0 2 4 6 m 1 3 5 7
0 ]0.531(0.207)0.121 |0.093 0 10.207.]0.121]0.093|0.084
2 (0.08410.030|0.011 [0.004 2 10.030]0.011)10.00410.001
4 [0.0500.018 {0.006 {0. 002 4 10.0180.006 (0.002 |0.001
6 |0.0360.013 {0,004 |0.002 6 (0.013)0.004]0.002 {0.001
|———-b=z.oo—-{
| e——— |
0.125 = f+— T
d=2375
0.125 J-
ol -
n
0 2 | 4 6 N 3 5 7
0 10.71910.784 |1.379 |3.117 0 |0.78411.379(3.117|8.152
210.084]10.079(0.075 10.073 2 10.079]0.075]0.073|0.076
4 10.050|0.047 [0.044 10.042 4 10.047]0.044}0.042 |0.039
6 [0.03610.034|0.032 |0.030 6 10.034]0.032)10.030|0.028
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TABLE 3.0-3. (Continued)
l— 300 —
0.156 —ef |o—
3.688
0.156 l
%______1
Fp- —— [Vda F, - == [vyda
0"y 0 ly_ 2 Y aa,
mn mn
n
o\ 0 2 4 6 N 1 3 5 7
0 [1.043(1.085|1.73113.603 0 [1.085[1.7311{2.603 [8.892
2 10.35210.326 10.30310.285 2 10.32610.30310.28510.277
4 10.474]10.438 {0.405 [0.376 4 10.43810.40510.376 §0, 350
6 [0.76210.704 |0.652 [0.605 6 [0.704]0.652 10.605 [0.563
b— a5 —]
0.25 —f T
T"' 15
0.25 L
xi‘ » B
t
n n
m 0 2 4 6 m 1 3 5 7
0 [1.750(1.663]2.323(4.198 0 11.66332.323(4.198]9.0906
2 10.89810.79110.705§0.639 2 10.79110.70510.639]10.600
4 {1,641 (1.44511.279411.139 4 11.44511.279(1.139]11.021
6 ]3.590]3.160]2.7982.492 6 13.16012.798(2,49212.232
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TABLE 3.0-3. (Continued)

I-— 450 -——-[

0.188 —= L—- ]

4,624
0.188 I
l'—* — |
Fo= —— [ Vda F, - —— [vyda
mn mn
n
0 2 4 6 m 1 3 5 7
1.715| 2.774| 6.745(21.551 0 2.774 | 6.745 [21.551 182,620

1.430| 2.072)] 3.014] 4.416 2

o
<
3
N
L

.014 ] 4.4161 6.584

4.336 | 6.279| 9.110]13.245 4| 6.279 9.110 ]13.245 (19,295

[or I I~ [ S~ I o)

15.681122.705]32. 942 [47. 892 6 |22.7056 [32.942 [47.892 |69.767

o —

0312 —{ [+~

4.376
0.312
:.;____:I
n
0 2 4 6 1 3 5 7

m

2.925 | 4.325 9.228 1 25.533 10 | 4.325 9.228 1 25.533 | 85.468

3.261 } 4.488 6.237 8. 783 4. 4838 6,237 8.783 | 12,697

| 31

{2,188 116.766G | 23.199 ) 32.289 )14 }116.766 1 23.499 | 32.289 | 45.199

[=r T Y SN I I )
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TABLE 3.0-3. (Continued)
0.923 — ‘—-0.125
l 0.125
0.202
1 !
l———;_:l
|——- 15 —-|
Fo= —— [VdA -
0= Y f 0 Fi—‘{,"‘fVYdAo
mn mn
!

0 1 2 3 4 m 0 i 2 3 4
010.328] 0.001]0.046] 0.01910.018 0| 0.00110.046] 0.019/0.018}0. 013
210.035[=0.009{0.003(-0.001 0 2 1-0.00910.003|-0.001 0 0
410.012|-0,003]0.001 0 0 4 1-0.00310.001 0 0 0
610.005(-0.001 0 0 0 6 1-0,001 0 0 0 0

e T [""”"25
0.308 0.125
_t {
‘—-———‘—J
‘——1.15—-]
n
0 i 2 3 4 0 i 2 3 4

0.406| 0.00110.102| 0.051[0. 064 0.001(0.102| 0.051(0.064(0.058

.008{-0.0030.001| O

0.026 |-0.010|0.004(-0.00110. 001

=230 T N - T =

0

0
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0

m
0
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4
6
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( Continued)
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TABLE 3.0-3. (Continued)
A\
f ]
0.277 z B
0.375
1 -
F —— !
o o Jvan,
mn
0 1 2 3 4 5
-1 -3 -q
0.508% 10 | 0,0 § 0.712% 10 0,0 | 0154 10 0.0
1.0 0.0 0.0 0.0 0.0 0.0
-3 - -

0,679 x 10 0.0 0. 4066 % 1 s 0.0 0,647 % 10 ! 0.0
0.0 0.0 | 0.0 0.0 0.0 0.0
= " -
0.143x 40 ) 0.0 | 0.7x 107 0.0 0. 89 107° 0.0

5 0.0 0.0 0.0 0.0 0.0 0.0

0 1 2 3 4 5

-3 -4 -
T2 x 10 0.0 0,804 % 10 .0 0. 382 « 10

n 0.0 [{ND (L] 0.0

oy -7 &
LAGH x 10 0.0 0,647« 1n n.o th i1 x 10

f=3
=
ole |=le (2|

0.0 0 0.0 1, 0.1 .0

Y - =1n
.0 Tx 10 0.0 [URLTLE RS E o.n 0,42 % 10
0.0 .0 0.0 n.e Q0.0 0.0

1 .
F17 v l Vzdi,

0.0 6.0 0.4 0.0 o0 0.

=

-1 -5 -7
0.679x 107 | 0.0 | 0.466 <107 | 0.0} 0.647 x 10 0.

0
0.0 0.0 | a.0 0.0 n.a .0
0.143x 10| 0.0 | 0.7x 107 0.0 0.sos< 0™ | an
0.0 0.0 0.0 00 4.0 0.0

- -8 1%
0.339x 10 f 0.0 0.117 x 10 0,01 087 x 10 n.n




Section D
October 15, 1970

Page 47
TABLE 3.0-3. (Continued)
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TABLE 3.0-3. (Continued)
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TABLE 3.0~3. (Continued)
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TABLE 3.0-3. (Continued)
Y
4. z
6.0
Fy- —— Jvaa
1] v Q
mn
n
m 0 i 2 3 4 5
0 0.159% 10° { 0.0 }0.533% 10 | 0.0 | 0.282x10% | 0.0
1 0.0 0.0 0.0 0.0 ] 0.0 0.0
2 0.508x% 10 | 0.0 [0.851x 102 | 0.0 | 0.293x 10® | 0.0
3 0.0 0.0 | 0.0 0.0 | 0.0 0.0
4 0.262%x 10° | 0.0 [ 0.317x 10%° | 0.0 | 0.918x 10% | 0.0
5 0.0 0.0 {0.0 0.0 | 0.0 .0
F 1 [ vyda
WOy y g
mn
n
m 0 1 2 4 5
0 0.010.533x10% |o.0 ] o0.282%x10® | 0.0 | 0.173x 108
1 0.0 0.0 0.0 | 0.0 g0 | 0.0
2 0.010.851x 102 0.0 | 0.208%10% | 0.0 | 0.129%x 104
3 0.0] 0.0 0.0 { 0.0 .o | 0.0
4 0.0 0.317x10% 0.0 | 0.018x 10 | 0.0 | 0.375x 108
5 0.0] 0.0 0.0 | 0.0 0.0 | 0.0
1 .
Fi - 5 [ Veda,
mhn
n
m 0 1 2 3 4 5
0 0.0 0.0 | 0.0 0.0 | 0.0 0.0
1 0.508x 10% | 0.0 | 0.854x 10% | 0.0 | o.208x 10% | 0.0
2 0.0 0.0]0.0 0.0 {o0.0 0.0
3 0.262x 10% | 0.0 ] 0.317x 107 | 0.0 | 0.918x 107 { 0.0
4 0.0 0.0{0.0 0.0 | 0.0 0.0
5 0.154x 10 | 0.0 ]0.133x 10* | 0.0 | 0.25x 10! 0.0




Section D

October 15, 1970

Page 51
TABLE 3.0-3. (Concluded)
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B. Results:
x x,"r 00 L ox M 9
Z X ) z
vi{x) = -f f ——— dx; dx, + — f f = Ky 6K,
0 0 EIz (xy) L o EI?(LI,

-2 Sl S 2
V(X) Ioz (L Ii IIX)L

where

1 1 f X X f
Il=f f EZ((};‘—J;)) dx, dx, and I’x:'{} .{; ‘7('}-(L)) dx, dx,

0 0 go(xy
X X
1 1 a F, L 1
= ——— — =
w (0= = [ % [ aETdAdx - [ i(xy) dx,
0 A 0
Mz(x) =0
p MTy+ My MTZ
Gxx ==-oFET + N + 1 + " y
Yy VA

My may or may not be zero, depending upon the boundary condition.

If end B is hinged, then
uav(X) =0 ,
Vo=My=0 ,

v(x) = same as above,

==-aFET+ —-LI-—— +
y z

axial force P = f o ETdA
A

a
XX





