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B7.1.2.0 DOME ANALYSIS
B7.1.2.1 SPHERICAL DOMES

This subsection presents the solutions for nonshallow spherical shells
exposed to axisymmetric loading. Both closed and open shells will be considered.
The boundaries of the shell must be free to rotate and deflect normal to the shell
middle surface. No abrupt discontinuities in shell thickness shall be present.

Note that because of the geometry, Ry = R, = a (radius of spherical
shell), and radial deflection w = Aa. Therefore, w sin ¢ and U = Wcos ¢ .

The following loading conditions will be considered: dead weight (Table
B7.1.2.1 - 1) ; uniform load over base area (Table B7.1.2.1 - 2); hydrostatic
pressure (Table B7.1.2.1 - 3); uniform pressure (Table B7.1.2.1 - 4); and
lantern (Table B7.1.2.1 - 5). These tables begin on page 31.



Table B7.1.2.1 - 1. Dead Weight Loading
Membrane Stresses and Deformations, Closed Spherical Domes
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Table B7.1.2.1 - 1 (Concluded). Dead Weight Loading
Membrane Stresses and Deformations, Open Spherical Domes
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Table B7.1.2.1 - 2. Uniform Loading over Base Area
Membrane Stresses and Deformations, Closed Spherical Domes
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Table B7.1.2.1 - 2 (Concluded) .

Uniform Loading over Base Area

Membrane Stresses and Deflections, Open Spherical Domes
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Table B7.1.2.1 - 3. Hydrostatic Pressure Loading
Membrane Stresses and Deformations, Closed Spherical Domes
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Table B7.1.2.1 - 3 (Continued) . Hydrostatic Pressure Loading (Partial)
Membrane Stress Resultants, Closed Spherical Domes
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Table B7.1.2.1 - 3 (Concluded). Hydrostatic Pressure Loading
Membrane Stresses and Deformations, Open Spherical Domes
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Table B7.1.2.1 - 4. Uniform Pressure Loading
Membrane Stresses and Deformations, Closed Spherical Domes
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Table B7.1.2.1 - 4 (Concluded). Uniform Pressure Loading
Membrane Stresses and Deformations, Open Spherical Shells
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Table B7.1.2.1 - 5.

Lantern Loading

Membrane Stresses and Deflections, Open Spherical Domes
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B7.1.2.2 ELLIPTICAL DOMES

This subsection presents the solutions for elliptical shells exposed to
axisymmetric loadings. Only closed elliptical shells are considered. The
boundaries of the elliptical shell must be free to rotate and deflect normal to
the shell middle surface. Abrupt changes in the shell thickness must not be
present. The following loading conditions will be considered: uniform pressure
(Table B7.1.2.2 - 1); stress resultant and displacement parameters (Figs.
B7.1.2.2 - 1 and -2); dead weight (Table B7.1.2.2 - 2); and uniform load
over base arca (Table B7.1.2.2 ~ 3). These tables hegin on page 42.



Table B7.1.2.2 - 1.

Uniform Pressure Loading

Membrane Stresses and Deflections, Closed Ellipsoidal Dome
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Table B7.1.2.2 - 2. Dead Weight Loading
Membrane Stress Resultants, Closed Ellipsoidal Dome
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For deflections, refer to Section B7.1.1.4.
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Table B7.1.2.2 - 3, Uniform Load over Base Area
Membrane Stress Resultants, Closed Ellipsoidal Dome
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B7.1.2.3 CASSINI DOMES

This family of shells is useful as bulkheads. The equation of the
Cassinian curve as a meridian (see Table B7.1.2.3 - 1) is

(r*+ z%)?% + 2a%(r? - 2% = 32t .

The useful property of this shell (zero curvature at z = 0, r = a) is
preserved by making the substitution nz for z, where n > 1 but not much greater

than 2.

(r2+ n22%)? 4+ 2a%(r? - n%?) = 3at
3.
R, . 2l ri(a? + n%z%) + n'z%(a’-1r%) 2
1 - 3n’a’(a® - r? + n‘z’)
2.2, 2.2 02,2 _ 2
2alr‘(a® + n°z°) + n*z%(a® - r9)
R, = v a—

a’+ r°+ n’zt

This subsection presents solutions for the Cassini dome subjected to
uniform pressure loading. Only a closed dome will be considered. The bound-
aries of the shell must be free to rotate and to deflect normal to the shell middle
surface. No abrupt discontinuities in the shell thickness shall be present,
Becausc of the limited usefulness of this shell, a detailed solution is presented
for n= 2. Nondimensional plots are presented for N and N() according to the

¢
following equations:
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16 \a

Nondimensional plots are also provided for w and u for t = constant and g = 0,3 .
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Uniform Pressure Loading

Membrane Stresses and Deflections, Closed Cassini Dome
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Equations for R; and R, are given in Section B7.1.2.3 .
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See Figure B7.1.2.3 - 1 for nondimensional plots of N¢ and N() .

See Figure B7.1.2.3 - 2 for nondimensional plots of w and u .
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B7.1.2.4 CONICAL DOMES
This subsection presents the solutions for nonshallow conical shells

exposed to axisymmetric loading. Both closed and open shells will be considered.

The boundaries of the shell must be free to rotate and deflect normal to the

shell middle surface. No abrupt discontinuities in the shell thickness shall be

present,
Note the special geometry of the conical shell:

¢ = « = constant, R;= «

R = xcos¢ (Figure B7.1.2.4 -1)

For convenience, solutions are presented in terms of x instead of R. All other

notations are standard for shells of revolution as used in this chapter.

Meridian
Straight
Line

Fig. B7.1.2.4 - 1. Conical Shell Geometry
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The following loading conditions will be considered: dead weight loading
(Table B7.1.2.4 - 1) ; uniform loading over base area (Table B7.1.2.4 - 2);
hydrostatic pressure loading (Table B7.1.2.4 - 3); uniform pressure loading

(Table B7.1.2.4 - 4); and lantern loading (Table B7.1.2.4 - 5) . These tables

begin on page 53.



Table B7.1.2.4 - 1. Dead Weight Loading
Membrane Stresses and Deflections, Closed Conical Domes
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Table B7.1.2.4 - 1 (Concluded) .

Dead Weight Loading

Membrane Stresses and Deflections, Open Conical Domes
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Table B7.1.2.4 - 2.

Lilldddtd

Uniform Loading over Base Area
Membrane Stresses and Deflections, Closed Conical Domes
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Table B7.1.2.4 - 2 {Concluded) .

Uniform Loading over Base Area

Membrane Stresses and Deflections, Open Conical Domes
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Table B7.1.2.4 - 3.

Hydrostatic Pressure Loading

Membrane Stresses and Deflections, Closed Conical Domes
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Table B7.1.2.4 - 3 (Continued) . Hydrostatic Pressure Loading
Membrane Stresses and Deflections, Closed Conical Domes
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Table B7.1.2.4 - 3 (Concluded) .

Hydrostatic Pressure Loading

Membrane Stresses and Deflections, Open Conical Domes
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Table B7.1.2.4 - 4. Uniform Pressure Loading
Membrane Stresses and Deflections, Closed Conical Domes

Regular
- - BX I 2.3
Nd) = > cotd N@ > coto
Ne = -pxcotgp N9 = pxcoto
N N N N
— i —0— = ——Q —ﬁ’
6’8 Tt Tt ’ t 7t
sz 2 U px? 2 ( ok
w = R cotcj)(i--é-) w = Etcotgb 1-5) .
- px2 }_L - pxz #
W = ﬁ-coso coto (1 - 5) w = -Et—cos¢> coto (1 - 2)
- px’ 2 n - px’ 2 M
u = E'COSC) coto (1 - E) u = "ETCOSQ‘? cot’¢ (1 - '2")
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Table B7.1.2.4 -~ 4 (Concluded) .

Uniform Pressure Loading

Membrane Stresses and Deflections, Open Conical Domes

Et

X

P =P =0
¢
P =P
z
Regular Inverted
~ pcotcb( -:gl) N _ ch(x —x%)
N, = ® 2 x*
N9 = -pxcoto N6 = pxcot¢
N N N N
N D s X N
’ t 0t o’ t 0t
2 2 _ 2 2 2 _ .2
. > S _ E_(x X ) _opxt _ E X% - x )
w = ﬁ—cot b |1 5 —xz—g' w Et cot’g 5 X E
- px? m x2-x2) - px* ;.L X -x2 i
w = —é-t—-coto cotep |1 - E(—;ZJ- w = Bt =—cot¢ coty 1 - 5- ) -
2 2 _ 2 - 2
- X -
u = P;;_,'l-cos¢cot2¢> [1 - %(_?’iﬂ_)} u = -E-)i-cosqb cote {1 % x r X )]
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Table B7.1.2.4 - 5. Lantern Loading
Membrane Stresses and Deflections of Conical Domes

p ',l\:‘.&
1 X
P =P =P =
(o) z
Regular Inverted
N L obx N . bxg
o) xsing o) xsing
N = 0 N =
6 8 0
N N N N
-1 2 S 0
¢’ 0 t 7t ¢’ t ot
w - kpxg (coto w - - EpXg é_OiQ
Et \sino - Et sing
W - HXg W - -HPXg
w Ft coto w = Bt cotop
a - HPXo u 0.5
Etsing Etsing
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B7.1.2.5 PARABOLIC DOMES

This subsection presents the solutions for nonshallow parabolic shells
exposed to axisymmetric loading. Only closed shells will be considered. The
boundaries of the shell must be free to rotate and deflect normal to the shell
middle surface. No abrupt discontinuities in the shell thickness shall be present.

Note that because of the geometry of the parabolic meridian, the solutions
simplify by use of the radius of curvature at the vertex Ry where ¢ = 0. For
the parabolic shell at ¢ =0, R; - Ry = Ry - twice the focal distance.

The following loading conditions will be considered: dead weight loading
(Table B7.1.2.5 - 1) ; uniform loading over base area (Table B7.1.2.5 - 2);
hydrostatic pressure loading (Table B7.1.2.5 - 3); and uniform pressure loading

(Table B7.1.2.5 - 4). These tables begin on page 64.
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Table B7.1.2.5 - 1. Dead Weight Loading
" Membrane Stress Resultants for Closed Pai'abqlic Domes

Ry= z (Focal Distance)

Pe~= o, Pz: pcosg, P@-_» psing

_ _ PRy 1 - cos®
N = 3 (—7—-—7@->

ol sin“¢ cos“¢
N - - PRy (2 -SCoszz(p +cos3gb)
0 3 sin“g
N N
o o = =2 2
¢ 0 t t

For Deflections, see Section B7.1.1.4 -1V .
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Table B7.1.2.5 - 2. Uniform Loading over Base Area
Membrane Stress Resultants for Closed Parabolic Domes

NN ENE

Ry = z (Focal Distance)

P =90, PZ= pcosqu , qu: pcos¢ sing

N . ...__p_B_Q_
) 2cosg
N  _DPRgcoso
0 ' 2
N N”
o' T 1 ot

For Dcflections, see Section B7.1.1.4 - 1IV.
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Table B7.1.2.5 - 3. Hydrostatic Pressure Loading
Membrane Stress Resultants for Closed Parabolic Domes

p = Specific Weight

of Liquid
= = =0
Pg P¢ 0, PZ (h+ tan ¢)
- - PRy Rotan
Nqb - 2cos¢>( t gl )
Ng = R oS [ (2tan ¢ + 1) + Rytan ¢(tan o + %)]
e Do
6% =T T

For Deflections, see Section B7.1.1.4 -1V,
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Table B7.1.2.5 - 4. Uniform Pressure Loading
Membrane Stress Resultants for Closed Parabolic Domes

P
P=P=O P =
0 ¢ T Tz P
N ._.__EB_D_
o 2c08¢
N __pRy [1+sin%p
0 - 2 cos¢
N Nﬂ
R —
o’ %0 t t

For Deﬂecﬁons, see Section B7.1.1.4 -1V
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B7.1.2.6 CYCLOIDAL DOMES

This subsection presents the solutions for nonshallow cycloidal shells

exposed to axisymmetric loading. Only closed shells will be considered. The
boundaries of the shell must be free to rotate and deflect normal to the shell
middle surface. No abrupt discontinuities in the shell thickness shall be present.

The following loading conditions will be considered: dead weight loading
(Table B7.1.2.6 - 1) and uniform loading over base area (Table B7.1.2.6 - 2).
These tables begin on page 69.
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Table B7.1.2.6 - 1. Dead Weight Loading
Membrane Stress Resultants for Cycloidal Domes

P =0, P¢: psing, PZ= pcosg

. 1 3 2
¢ sing + cos¢ - cos'd - o
3 3
N = -2pR0

e
N - "DRO[%(L—TM> - -g-)tangb - é—sinz(p:]

sin“¢ cos¢
N N
- 2
T Tt Tt

For Deflections, see Section B7.1.1.4 -1V,
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Table B7.1.2.6 - 2. Uniform Loading over Base Area
Membrane Stress Resultants for Cycloidal Domes

LLiliidly

= - psi P - 2
P9 0, P¢ psing cos¢, z p cos“¢

N _ -PEQ 29 +sin2g
¢ - 8 sing
_ _PRg (24 +8in2¢) ( 2. _ _2¢
Ny =716 ( sing 0sd - Ginzg 1
Yoo T
U¢) ’ UO = t 3 t—

_ For Deflections, see Section B7.1.1.4 -IV.
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B7.1.2.7 TOROIDAL DOMES

This subsection presents the solutions for toroidal shells exposed to
axisymmetric loading. Both closed and open shells will be considered. The
boundaries of the shell must be free to rotate and deflect normal to the shell
middle surface. No abrupt discontinuities in the shell thickness shall be present.

Note in Figure B7.1.2,7 - 1 that, because of the geometry of the toroidal
shell, the definition of the angle ¢ is changed (for this subsection only) to

increase the useful range of the solutions.

Useful Range 35°< ¢ =< 90°

¢ Definition (Section B7.7.1.2.7 - 1 only)

Fig. B7. 1. 2, 7. - 1. Toroidal Shell Geometry
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There is also a special type of toroidal shell where the axis of revolution
bisects the cross section. This type of shell is referred to as a pointed dome,

and the angle ¢ is defined in Figure B7.1.2.7 - 2.

Fig. B7.1.2.7 - 2. Pointed Dome .

The following loading conditions will be considered for regular toroidal
shells and pointed domes.
Regular Toroidal Shells:
Dead Weight Loading (Table B7.1.2.7 - 1)
Hydrostatic Loading (Table B7.1.2.7 - 2)
Uniform Pressure Loading (Table B7.1.2.7 - 3)
Lantern Loading (Table B7.1.2.7 - 4)
Pointed Domes:
Dead Weight Loading (Table B7.1.2.7 - 5)
Uniform Loading Over Base Area (Table B7.1.2.7 - 6)

These tables begin on page 73.
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Table B7.1.2.7 - 1. Dead Weight Loading
Membrane Stresses, Regular Toroidal Shells

P = =
o~ Fo= 0
P =p
N _ ab(¢ - ¢g) + a’(cosdy - cosep)
® - 7P (b + asin¢ ) sing
N() = - S—i%g[(b+asin¢)cos¢> - b(¢p -y - Q(COquo‘COS(!))]
N N
L -2 A
0'(1), ()'0 = t 3 t
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Table B7.1.2.7 - 1 (Concluded). Dead Weight Loading
Membrane Stresses, Regular Toroidal Shells

For Symmetrical Cross Section ( ¢g = -¢,)

Loading Same as Above

bad + a’(1 - COSd)

N(p =P (b + asing ) sing
R i - - -
NO = Sing [(b+asm¢)cos¢> by -a(l cos(;))]
N N
o o - 2 L
¢ 0 t t
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Table B7.1.2.7 - 2. Hydrostatic Pressure Loading
Membrane Stresses, Regular Toroidal Shells

N =- £2

p = Specific Weight

of Liquid
P =P =
6= To=°
Pz= P(h - acos¢)

-bh(sing o - si ah o og?
¢ (b+asin¢)sin¢[bh(5m¢0 sing) + —-(cos’¢y - cos’¢)

ba A . . a’ 3 3
+ ?(smqbo coS¢pg — Sing cos¢gp - + ¢pg) = ?(cos ¢~ COS)

o)

NO = - m I:(h -acos¢) (b + asing )sing + bh(sing , - sing)

a? 3 3 J
+?(cos¢ - cos%¢)

h 2 9 ba . .
—2—(cos ¢g = Ccosp) - —-é-(smqbgcosqso - singcosg - ¢ + ¢ y)
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Table B7.1.2.7 - 2 (Concluded) . Hydrostatic Pressure Loading
Membrane Stresses, Regular Toroidal Shells

For Symmetrical Cross Section (¢ g = ¢ 4)

For Symmetrical Cross Section

¢o = ~d1

Same Loading as Above

= - 3 - ah ., _ ba .
N¢ " (b + asing¢)sing [bhsmqb + 5 sino 5 (singcoso + b)
al 3
- 5 (1 - cos’¢)
___p_fah ., _ ba . i
NO = sincb[?_smqb > (singp cos¢p = ¢)

= aned
-a’ (cos¢> sin’¢ - -1—;&-@)]
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Table B7.1.2.7 - 3. Uniform Pressure Loading
Membrane Stresses, Regular Toroidal Shells

-
\\
P =P =90
“ o "0
' or P =p
z
N¢ - - 2(b+apsin¢)sin¢ (b +asing)? - (b+asingy?)

o . . 2 . 2
NO = E;r%g— [2b singy + a(sin®¢py + sin“¢ ) |
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Table B7.1.2.7 - 3 (Concluded). Uniform Pressure Loading
Membrane Stresses, Regular Torocidal Shells

For Symmetrical Cross Section {¢g = ~¢y)

Same Loading as Above

pa 2b+asing
N = - = -
¢ 2 b +asing
I 1
Ny = 2
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Table B7.1.2.7 - 4. Lantern Loading
Membrane Stresses, Regular Toroidal Shells

P(b + a sing )
(b + a sing )sing
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Table B7.1.2.7 - 5. Dead Weight Loading
Membrane Stresses, Pointed Toroidal Dome

cosgg - cosp - (¢ = dg)sing,
¢ B (sing - sing ¢) sin¢

4
il

a . - . .
0 - 51%73 (¢ - ¢g)singg - (cosgg - cosd) + (sing- singg) sing coso

Yoo N
t ’ t
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Table B7.1.2.7 - 6. Uniform Loading over Base Area
Membrane Stresses, Pointed Toroidal Dome

P

TRETRRTERIRY

P =0
0
P¢= psing cos¢ , PZ: p coso
N _ -ﬁ(l- sin )
Lo} 2 sing
02

Lo —osingsing, - S0

N() 5 cos2¢ - 2sin¢g sing, m

N N
g, 7 = ¢ , 2
¢ t t
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B7.1.3.0 CYLINDER ANALYSIS

Many types of cylinders can be analyzed using membrane theory. However,
only the circular cylinder falls into the category of shells of revolution being

discussed in this chapter.
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B7.1.3.1 CIRCULAR CYLINDERS

The circular cylinder is a special type of surface of revolution. If the
standard shell-of-revolution nomenclature is applied to the cylinder geometry,

(Figure B7.1.3.1 - 1) analysis is straightforward.

‘ u=u
,— Axis of b N
Revolution
P P A
2 v
= Meridian v )
¥ L { Radial) .
e o= ¢ DEFLECTIONS
N ) =

e AN LOADS ‘
.\J\/“‘Fl: \ ¢ N =i\',

Parallel n

o7 TSR N\ N
d Radius ot Cylinder l N =N
¥'> R =Ry = R, o TN

SHELL ELEMENT

Fig. B7.1.3.1 - 1. Circular Cylinder Geometry

The following loading conditions will be considered for circular cylinders:
Linear Loading (Table B7.1.3 - 1)

Trigonometric Loading (Table B7.1.3 - 2)

Dead Weight Loading (Table B7.1.3 - 3)

Circumferential Loading (Table B7.1.3 - 4)

Axial Loading (Table B7.1.3 - 5) .

These tables begin on page 84.
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Table B7.1.3 - 1. Linear Loading

=1

£1

coefficient defining ratio of uniform load to maximum value of
linear load

PVR(l + ?\p - &)

Do
t -
1 1
WP RLE(L+A = 5 8)

o

Et

2 -
PvR (1+7«p é)]

e
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Table B7.1.3 - 2. Trigonometric Loading

A P cos
/ p 0 \Bf‘
£ + =
Tt s
/
P, sin a ¢ 2Py
P:z = -pp(sinaé + }\pcosﬁé )
X
where § = L
«,f = coefficients defining shape of sin and cos curves
A - coefficients defining ratio of maximum amplitude of cos loading to
P maximum amplitude of sin loading
N0 = PoR(singt + )\pcosB £y
N = 0
¢
= 0
Nq) 0
- 7] coseé sing §
R il A2k E L) ——
u i PQRL( o D p )
V = 0

w = %PORZ(Sinmg + Apcosﬂg)
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Table B7.1.3 - 3. Dead Weight Loading

)
§
% 4
P = P it -
o] ¢0( 2
0
1 £?
P¢’0L(§ - &+ —2—)
0

1 2 (L _ &, £
Et P¢0LE<2 2" 6)

1 1,8
EtuP¢0aL(2+§ 2)

H Wall Thickness

Distribution of P¢>



Table B7.1.3 - 4. Circumferential Loading

POL(l =-¢)

0

L 2(1+p) P L2 g-ﬁ
Ft HP, 5
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Table B7.1.3 - 5. Axial Load
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