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B 4.0.0 BEAMS

B 4.1.0 Simple Beams

B 4.1.1 Shear, Moment, and Deflection

Section B 4
21 April 1961

Page 1

The general equations relating load, shear, bending moment, and

deflection are given in Table B 4.1.1.1.
terms of deflection and bending moments.

These equations are given in

Title Y M
. _ _ M
Deflection A=y = .fyﬂﬁfdx dx
Slope 6 = dy/dx = %de
Bending Moment M= EL dzy/dx2
Shear V = EI d3y/dx3 = dM/dx
Load W= kT dby/dx* = dv/dx = d2u/dx?

Table B 4.1.1.1
Sign Convention

a) x is positive to the right,

b)Y v is positive upward.

¢) M is positive when the compressed
fibers are at the top.

d) W is positive in the direction of
negative y.

e) V is positive when the part of the beam to the left of the section
tends to move upward under the action of the resultant of the

vertical forces.
The limiting assumptions are:

a) The material follows Hooke's Law.
b) Plane cross sections remain plane.
c¢) Shear deflections are negligible.
d) The deflections are small.
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B 4.1.1 Shear, Moment and Deflection (Cont'd)

The deflection of short, deep beams due to vertical shear may
need to be considered. The differential equation of the deflection
curve including the effects of shearing deformation is:

_ M dxdx Kv
b 'u/l/\ ET f/nAc dx

(X) is the ratio of the maximum shearing stress on the cross section
to the average shearing stress. The value of (K) is given by the
equation:

a

T

A
K = Y ;/ b'ydy
o

(1) is the moment of inertia of the
cross-section with respect to the

centrodial axis and (a), (b), (b'), and

(y) are the dimensions shown in Fig, B 4.1.1-1,
(A) is the area of the cross-section

TITRITITTh

]

Fig. B 4.1.1-1



Table B 4.1.1-2 Beam Formulas

Notation: W = load (lb); w = unit load (1b. per linear in.); M is positive when clock-

wise; V is positive when acting upward; y is positive when upward. Constraining moments,
applied couples, loads; and reactions are positive when acting as shown. All forces are
in pounds, all moments in inch-pounds; all deflections and dimensions in inches. g 1is

~ )

in radians and tan Z=2.

Cantilever Beams

Type of loading and

Case number Reactions, Vertical Shear, Bending Moments, Deflection v, and Slope
Y
' L = . = -
Low ! éMB Rg = #W; V = -W
. L \-x
V/,/,,,—~—;=j;‘ ’o| M, = -Wx: Max M =-WL at B
3 2
] 1 W 2 3 1 WL 1 WL
A Q y e e - 3_ +7‘)'T\I*7=--—-—-— . D e me——
IR, Y 5 51 (x°-3L"%+2L7); Max vy 3 II at A; 3 > EL at A
2. R, =+, (AtoB)YV=0; (BtoC)V=-U

C

(Ato B M =0; (BtoC)M=-W(x-b); Max M = -Wa at C

1 W 3 ) )
A = oe == (-go+ -3a4x%);
(A to B)y o EI (-a°+3a“L-3a%x);
1w 3 a2 3
(B to C)y = - AT (x-b)~ -3e°(x-b) + 2a” 3
, L -—"—'{Rc 1w 2. 3 -4 Iﬁaz

1 = e - —— <1 - - So= = ,.'A
Max y e I (3a“L-a”); > B {4 to B)

(P,1U0D) UOT3IOA[JaQ pue juswoN iBAYS 1°1°%9

¢ a%eg
‘6 Ainp
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Table 4.1.1-2 Beam Formulas (Cont'd)

Cantilever Beams

Type of loading and
case number

Reactions, Vertical Shear, Bending Moments, Deflection ¥, and Slope

Y w:WL W
3. w 9 Rp = 3 V= - i X
_U_H_U_LLU,Ul’ -X
i;,,,f—;;;:g':) M = - % % x2; Max M = - % WL at B
A AL 1 W 1w
fe— L —»y Yy = - EO (x4-4L3x+3L4); Max y = - g o7
fRB 1 wL?
6 = 4 T EL at A
4, | Y Ry = +W; (A to B)V = 0: (B to C)V = - b—"fa— (x-1+b); (C to DYV = =W
o p
welb-ol 1 o. (A to B)M = 0; (B to C)M = - % B% (x-L+b) 25
I w
L R (€ to DYM = - Ly (2x-2L+a+b); Max M = - L W (atb) at D
ﬂ Mp 2 © 2
B (A to B)y = - %Z EE 4(az+ab+b2) (L-x)-a3 -abz-azb—b3}
Afs—— L —— - l
(B to C)y = - LW 6(a+b)(L-x)2 -l%(L-x)3 + (L-x-a) © :
T 24 EI b-a
Rp B
‘ (C to D)y = - %E E—I ?;(a+b)(L-x)2 -2 (L-x)3]
Max y = - Lw 4(a2+ab+b2)L—a3 -abz-azb-b3 at Aj;
24 EI .
T Y 2
B= + z ET\ 2 +ab+b :) (A to B)

(p,3U0D) UOTI081J9(Q pPUE JUSWON ‘JIBAYS T°1°% €
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Table 4.1.1-2 Beam Formulas (Cont'd)

Cantilever Beams

Type of loading and
case number

Reactions, Vertical Shear, Bending Moments, Deflection Y, and Slope

5. Rg = tW; V = - E§ x2
v L
- 4 1 W 1
N«% wi ;w M = §-£§ x3; Max M = - E-WL at B
W%ﬁ . s 4 5 1wl
BY - o —— - . = m e ——m .
ﬂr_—————l 4R y 60 T110 x7-5L7%x+4L7); Max vy 15 T1 at A;
1 "1 "8 1wl
J =+ 17 FI at A
2
6. Rp = +W; (A to B)V = 0; (B to C)V = - WE-LAD)™ . (¢ to DYV = -u
(b-a)?
_ 3
, (AtoB)M=0; (BtoC)M=-= ELE—Li%l— :
. 3 (b-a)
' t,o,. (CtoD) M= - % W(3x-31L+b+2a); Max M = - %-w(b+2a) at D
W= %(b-a) | -
| W ';b (A to B) v = - %6 %T \_(5b2+10ba+15a2) (L-x) -4a3 —2ab2-3a2b-b3J
A S ot 1w 2 3 (L-x-a)4 (L-x-a)>
. . ,{RD (B to C) y = - g5 g7 | (20a+10D)(L-x)" -10(L-x)"+5 57 - (b-ajZ_J;
(CtoD)y=- 1 E—;(2a+b) (L-x)2 -(L-x)ﬂ'
6 EI | i
LW 2 2 3 02 22 13|
Max Y 5 EIL(Jb +10ba+15a“) L-4a’-2ab“-32“b-b~ | at A
- L LW 2 2
0= + 17 BT (3a“+2ab+b“°) (A to B)

(p,3u0)) UuOT13IOS[IS( PUB JUSWOW Yigeays 1'1°'% €

¢ 93eg
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Table 4.1.1-2 Beam Formulas (Cont'd)

Cantilever Beams

ype of loading and

Reactions,

case number Vertical Shear, Bending Moments, Deflection Y, and Slope
(2Lx-x2 -x2
7. y RB = +W; V = =W 7
\ L
=1
Wegzwl |- % ¥ (3Lx2-x3); Max M = - %-WL at B
— B;jj S (-x5-15TA%45LX4+11L5) 5 Max Y = - == 1A at A
A 24 I 60 EILZ ‘ > Hax 60 EI
é‘ L "?R Ll 2
B 9 =
4 EI L at A
8. Ry = +W; (A toB) V=20; (BtoC)V=-W i.l (b a—%—w
y (C to D) V = -W
3 -
=5 wib-a) . - -5 Yy M =- Lty 3(x 14p) 2 (xeLob)” |
Wz wib-a y (AtoB) M=0; (BtoC) M 3 b-2 (boa) 2 J
> — 1 1
| “’U i"“" (C to D) M = - 0 W(-3L+3%+2b+a); Max M = - 3 W (2b+a) at D
— X1 o
_—w—C D )“ (AtoB)ys=- =L i(5a2+10ab+15b2)(L-x)-a3-2a2b-3ab2-4bﬂ;
A L ! 60 EI L
E— R 1 W | (L-x-a)? 3 2
Dl (BtoC)y = -~ 50 EI\_SWE_ -10(L-x)"+(10a+20b) (L-x)
1w |
(C to D) y = - % EL 'L(eH—Zb)(L-x)2 -(L-x)B:I
Max Y = - = % | (5a2410ab+15b2), -a3-2a2b-3ab2-4b3 | at A
60 EI |
5 = 1 v 2 2
= + 17 51 (a¢+2ab+3b%) (A to B)

(p,3U0)) UOT3IDRT[F(Q PUB IJUDWOK Tieayg T°1°%d

9 3deg

%961 ‘6 AInC
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Table 4.1.1-2 Beam Formulas (Cont'd)

Cantilever Beams

Type of loading and
case number

Reactions, Vertical Shear, Bending Moments,Deflection Y, and Slope

iy
|
1 Rp = 0; V=o0
9'%(7 B )
A ~ BFwxjM = My; Max M = M, (A to B) .,
ML MoL
1 Mo 2 _ 1 %o .. B o
|__— L ——b‘RB Yy =5 FT (LZ-ZLx+x-); Max y = 5 T at A, B= - T at
10, R = 03 V=20
V }*——- g —= (A to B) M =0; (B toC)M=DM; Max M = M, (I to C)
M, b Moa 1 \
A\F;\— -}X(AtOB)y_EI (L—Za-X),
r 1 I\410 i 9 9
i L ’ (BtoC) vy = > TI {_(X-L+a)& -2a(x-L+a) +a-

v _ L o Mpa
‘-ax}—EI _zt- at ‘X, __EI

(A Lo B)

(p,3uU0D) UOTIDD[JD( pPuUB JUaWOlN  Aeays (1'% €

L 23e4

1961 1tady 17
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Table 4.1,1-2 Beam Formulas (Cont'd)

Simply Supported Beams

Type of loading and
case number

Reactions, Vertical Shear, Bending Moments,Deflection Y, and Slope

1 1 1 1

11, Y RA=-2-W’RC=EW; (AtOB)V=EW; (BtOC)V=-EWF
l WL 1 1 1
‘ 2"? (AtoB)M=3Wx; (BtoC) M=2W (L-x); Max M = 7 WL at B
'A Cc
~_ = 1 3
B R S I 2 43y, N S ) .
Ra IRc (A toB)y 78 EI (3L x-4x"); Max y 78 g1 2t B;
e
| | o = -1 w2 at A 6 =+ = i.? at C
16 E1 i 16 EI
Wb Lo, W2 LM __¥a
12. , Rp = + I Rg = + I (A toB)V =+ 15 (B toC) V I
(A to B) M = + Wb x; (BtoC) M=+ Wa (L-x); Max M = +-E§E at B
w | L L L
T :
A to B = - Wbx [%L L-x) -bZ2 -(L-x ];
A; — 25X ( )y 6EIL (L-x) (L-x)
B [
Ra Re (BtoC)y= . Wallox) [? Lb-bz-(L-x)%};
- L j 6 EIL
_ Wab
Max vy STEIL (a +2b)‘V 3a(at+2b) at x \/3 (a + 2b)When a > b;
SRS 0 B SUT o DIV S Y . T A
6 E L/ 6 EI L )

(p,Juc)) uoT3097Jod PUE JULWOR ‘Jedyg T°1'% 4

g 28eg

1961 17adv 1T
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Table 4,1.1-2 Beam Formulas (Cont'd)

Simply Suppo:

rted Beams

Type of loading and
case number

Reactions,

Vertical Shear, Bending Moments, Deflection ¥, and Slope

+— x--*)

W W 23
13. Y = ¥, ¥ - . ¥ }
: We wl RA =75 Rp=75 V =+ (: :) M =
XSRS RES RTINS =+ ML =L - - 3
X]| Max. M = + 3 3 > = 24EIL (; -2Lx4x ) )
SWL L WL b WS
Max. y = - == . = - )
ax. vy 38481 2t 23 8= - 24T 3t A 0=+ SiEr ot B
wd _
14. Ra =715 R =¥ (% + ) (AtoB) V=Ra(BtoC)V = Ry - Ll : 2
2
(C to D) V = Rp-W; (A to B) M = Ryx; (B to C) M = Ryx - M(x=a)’
ZC
b wd cd cd
C toD = -wlx - &0 2). = Hd cd cd
{ 0 D) M = Ryx w<‘< 5 2), Max. M I (a + 2L> at x = a + T
(A to B) S ‘H’SR (X3-L2x) + W §_d_3. - .2_1£3+ 23_ + 2 2 )
Y T GeET i A 1 L L ©
./
R Rg 1 f 3 2 3 4
C— ; =t ! 3728 8d” _ 2bc [ 2 2W(x-a
p—— (B to C) vy ToET XSRA(X L.x) e T 1 +2¢ J -
1 3 2 31
W= we (C to D) Yy =3 {SRA(:\'B-sz) + Wx 8d” - 2be + L=
| I 48EI L L L
d:l""a—b-é-ﬂ L

3
a _b
-5 5) + W(Zbcz-CB)}

(P,3u0D) U0TISa[JaQ puP JUSWORN ‘dBaug T°1°¥d

6 2deg
‘6 Arng

g uo13oeg

7961



Table 4.1.1-2 Beam Formulas {(Cont'd)

Simply Supported Beams

ype of loading and
case number

Reactions, Vertical Shear, Bending Moments, Deflection ¥, and Slope

3 2 .3
14. (Cont'd) Z%Ef -8ryL? + w(?i - 2%9— rE 4 2céj] at A
A 2 843 2bc
= 16R4L% - w(244% - - t B
®% Zerr [ “ ( L ]a
15 R A< IS R A W Al
. 33 B 3 3 3 'EZ' 3 3 LZ/’
i
Yo e b_101.224 714
2 - -
Max. M = 0.128 WL at x = L3 ; y = Hx(3x*-10L X+ )
— xxrpt L 3 180E1IL
S —— 1306 W3
B _ 0.01304 WL B
mj TRB Max. y = - =—%7 — = 0.519 L
A L.___H% 2
y = . WL . L’
9= - Tgogr 2t A = Tgoer 2t B

(p,3Uoy) uoIjoeo[3eQ pue JUSWOW ‘IBAYS T'I°'Y €

01 @8®g

1961 112dV 12
g # uor3o9g



Ta

ble 4.1.1-2 Beam Formulas (Cont'd)

Simplv Supported Beams

Type of loading and
case number

Reactions,

Vertical Shear, Bending Moments, Deflection Y, and Slope

s 2
W 4
16. Ry = %; RC = }‘;; (AtoB)YV = ) Q - E’é—-—),
Y W=iwL - 2
e W 4(L-x 1 W 4x3
L BtoC)V=-=1- —1—7—1— ; (A toB)M=—{3x -
2w ( ) 2 L |3 (A toB) z (x v
Aﬂm X _
A\j_/c W 4L -x 3 WL
| 5 (B toC) M =2 3(L-x) - MR 1y, = B ap 3
RA Rc 6 i L 6
I L 3
W o L x X 5L WL
A = \—=— - — - ) Ly = t
(A to By = nZ\ 2 5 716/ Max. y 60ET
2 2
SWL ., 5WL
- 96F1 at A > =+ 96E1L at C
2
2 2 L /}
. 2 3
y W 21\-L\ W 2 2 4
(B to C) V=-= | . (A =X _ X 3
1&-“2;«-1 W=—|2-wL 2 L// ) (— to B) M 2 X L ;L—Q-
Uy T - Y 3
AN X |(BtoO) M= (L) - 2{-x) +4(L2x) . Max. M = 2L a¢ B
f ¢ Z L 3L 12
R, B Re
4 5 2 3
- ¥ /’3 b 2x 3L4x _  3WL
L————— L ~———-J (A to B) y 12T 0% ° 1 + ;EZ - :} Max. y = - 390FL at B
_ w2 , _ w2
°7 " ppr 2t AT 5 =g et C

(p,3U0)) UOTIDOOTIS(Q pue JusWOl ‘JAedYS T T°H g

1T 28eg

1961 TTadvy 12
t g u0IOV§



Table 4.1.1-2 Beam Formulas (Cont'd)

Simply Supported Beams

Type of loading and
case number

Reactions, Vertical Shear, Bending Moments, Deflection Y, and Slope

18, 1y RA—-%Q-, RB=iM2;V=RA;M=MO+RAx; Max. M = M, at A
Mo 4 = %ﬁf (éxz - %3 -2L%); Max. y = - 0.0642 EIZ at x = 0.422L
S o '

“"—L——"'I 6=--3§atA, 6=—E—I-atB
19. RA=-%9; Re = }:—0-; (A toC) V=+Ry; (A to B) M =+Ryx

(B to C) M = +Rpx + My; Max. (-M) =+Rpa Jjust left of B

Max. (+M)=+RAa + M, Jjust right of B

M 2
_ o _ 3ac _ _
(A toB) vy TEL I:(6a I 2L> X - = }
M 3 2
_ .0 2 2 _x 3a®
(BtoC) y CEL [3& + 3x I (ZL +95 )% }
- Mo_ 3a2 : _ Mo 3a?
6EI(ZL 6a + L)atA, —6EI< L)tc

M, a2 L
G-E—I'<a-—f—'§ at B

(p,3U0)) UOT3OL[FoQ PUB JUSWOl  AedYS T'1'% €

71 98eq

%961 ‘6 AInr
g U01379g



Table 4.1,1-2

Beam Formulas (Cont'd)

Type of loading and
case number

Reactions, Vertical Sheayr, Bending Moments, Deflection Y,

Simply Supported Beams

and Slope

20,

¥

IS _.T-_ .j
A;”"*‘~7i\\\§
Ra Ry

——

—¥b,

RA ‘a 3
(A to B)
(A to B) y
(B to C)

Max.

WL

Ry = 33 (A to B) V = +Ry; (B to C) V = 4U;

M = +Rpx; (B to C) M= +R,a + W(x-a); Max. M
QWbX 2 25,
6aEI (x"-a%);
= L-x)2 - b(L-x)(2L-b) + 2b2L
y 6EI (L-x) b(L-x)(2L-b)
2
_=Wb“L , . _ Wab . _ _ 4Wab
= 3ET at C, 5= 6ET at A 3RI a
- 6EI (2L+b) at C

= +RAa at B

(p,3u0)) UCTIo9[JoQ puk JUBWOK ‘AeLDUSs T°1°hd

€1 28eg
‘6 A1np

7961

%€ uoT1D8g



Table 4,1.1-2 Beam Formulas (Cont'd)

Statically Indeterminate Cases

Type of loading and
case number

Reactions, Vertical Shear, Bending Moments, Deflection Y, and Slope

21.

2 3 3 2 2
_ W/ 3a°L-a . _ . _ W/ a2+2al=-3a“L
RA = E’(T): RC =W - RA’ MC = —‘2< L2 )

(AtoB)YV

1]

(BtoC)V = Ry - W; (AtoB) M= Rpx

i

(BtoC) M Rpx - W(x-L+a); Max. () = RA(L-a) at B

max. possible value = 0.174 WL
when a = 0.634 L

Max. (-M) = -M; at C
max. possible value = -0.1927 WL
when a = 0.4227 L

(AtoB)ys= 6é1 [RA(X -31%x) + 3Wa2x}

(BtoC) y = g%i-{RA(x3-3L2x) W Pazx - (x-b)B]}

If a<0.586 L, max. y is between A and B at x = L (1 - _2L

3L-a
2
If a>0.586 L, max. y is at x = L!L2+b2!
3L¢-b
3

If a = 0.586 L, max. y is at B and = -0.0098 w% , max., possible
deflection

GRS

(p,3U0)) uoTlo9Ie(Q pue JUSWOW ‘aeUS [°I°H €

%1 °8eq

1961 112dV 1T

% g uo13oeg



Table 4.1.1-2 Beam Formulas (Cont'd)

Statically Indeterminate Cases

Type of loading and

case number Reactions, Vertical Shear, Bending Moments, Deflection Y, and Slope
Y _ 3w, S5W, . _ WL 3 X, L, o3k x2
22, Ry =275 Rg =35 Mg =55 V w(é - #), M = ( L)
W:wl 1 WL 3L WL
w $ 'i} : Max. (+M) = 128 at x = =3 Max., (-M) = - T at B
’ r-____;;;===’§?>;; y = = (31x3-2x* %) ; Max. y = -0.0054 i’ at x = 0.4215 L
R 48EIL ’ ‘ ’ EI )
A { 2
I Rg _ WL
0= - ZggT 2t A
23 R, = *Eg 4L(a2+ab+b2)—a3—ab2-a2b-b3_E' Rn =W -~ R,
) A 8L i "D A’
. My =-R,L + W (atb); (A toB)Y V=R,; (BtoC)V = - W(%—i
e b A" T2 A
2
-d
rhm.u_c_,g_qrj (CtoD) V=Ry~W; (AtoB) M= R %3 (B toC) M = Rpx - —£§€~l—
W=we
IR , (CtoD) M=R,x - Wx - d « )
R f{ 5}_1 A 2
A Max. (0 = Ry (d + 3o /\ =<a . T) Max. (M) = -Mp
— i
L (23 L= at | ac
(4 to B) y = g7 {_ A\ 2 ) * wx(é * jﬂ
[ /.3 2 2
(BtOC)y=L E_._I"_..)E\,.*.wxa +§£ _S)_(.Q_
EI |"a\6 Tt te ,

T°1°%d

(p,3u0)) UOI3IDDTIA3(Q PUB JUSWOR TIeausg

¢1 9%ed

%961 ‘6 AInC

g 1013093



Table 4,1.1-2 Beam Formulas (Cont'd)

Statically Indeterminate Cases

Type of loading and
case number

Reactions, Vertical Shear, Bending Moments, Deflection Y, and Slope

3
¢ L 1 c\3 1 cy2
(CtoD) y = EI{RAQ - >+W é+2> -2<a+2>

23. (Cont'd)
R.L2 /2
1 A a ac
0 = - ————— — — =
ET [ A VI 6‘jiat A
Y W o AW | 2WL _x3
26. Ry =55 Ry =20 My =55 V = ( —z> 2
1 ’
W=z wl :[I:;“ Max. (+M) = 0.06 WL at x = 0.4474 L; Max. (-M) = -M
A — x 5 3 —
f:—"’ # __ W 3 3 X WL 1
M = - m— = - — = —
Ry B|lY = CoELL GLX L x L)’ Max. y 0.00477 Bl at x LVS
R
o —— | —4 B wL2
8 = - Gogr 2t A

(p,3uo0D) uoIld8TIaq pur JUBWOR ‘IedUS T°T1°'H €

91 °3eg

1961 T¥ady [T
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Table 4.1.1-2 Beam Formulas (Cont'd)

Statically Indeterminate Cases

Type of loading and

case number Reactions, Vertical Shear, Bending Moments, Deflection Y, and Slope
M, /12222 My /1.2 a?
55 R = - L-aZ , _ oMo /i a \L M, = Mo /i .
ATTOL \(Z2 ¢ T 2L \(12 2\ L7
y
o ___‘ (A to B)Y V = +Rys (B to C) V =+Ry; (A to B) M =+R,x
) © sa2ea?
,T* B - Clm. | (B toC) M =+Rax + Mg Max. (#1) =M, | 1 - -filt————lj
Ra’ l_ 213
‘Rc just to the right of B
L
‘ 1
Max. (-M) = -M; at C when a<0.275 L
Max, (-M) = Rja to the left of B when a>0.275 L
Mo L2 -a? 2 B
(AtoB)vy-= (3L x—x3) - (L-a)x
EL_ 413 b
M 2
(BtoC)vys= = L———— (3L21 x3) - Lx + (X2+32)
CLIEE 7z
. Mo / 3a \)
YT EL \ T 4L

1°1°%d

(Pp,3U0D) uUCTIIV3[IoQ pPUB JURWOR "IBIYUS

/1 28eg
‘6 L1nr

vg uoT109g
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Table 4.1,1-2 Beam Formulas (Cont'd)

Statically Indeterminate Cases
pre of loading and
ase number Reactions, Vertical Shear, Bending Moments, Deflection Y, and Slope
2 2
26. _ 1w =M, A Y I SR> S By 5 U S ) x:ul
"2 %20 Mm% VTN 2071 tiz) "W 0 T T 3z
WL
Max. (M) = 0.0846 WL at x = 0.329 L; Max. (-M) = - e at B
5
S 3 _ a3, _ 104 2%
Y = 170ELL (lle 3L * 10x™ + L )
s, o »
Max. y = ~0.00609 1 at x = 0.402 L; =m at A
<l ™M M M M, M 3
= 20 . = 2o = Ho = - 2o = o o 2X
b Ra L RBTgL MB35V o, M7 3 ( o1 )
<p-MO ,}x Max. (M) = My at A; Max. (-M) = - %9 at B
_ ‘ 3 2
A Bid |, - Mo 2 _ X _ ) T - L
l . A 4ET (/2x L Lx) s Max. y = - 2057 8t x= 3
A
fe— L ——>{FB
_ MoL
= 4ET €A

(p,2U0D) uoTI3V3TISQ PUB JUIWOR ‘aABIYS T1°1°%d

g1 =3eg
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Table 4,1.1-2 Beam Formulas (Cont'd)

Statically Indeterminate Cases

Type of loading and
case number

Reactions, Vertical Shear, Bending Moments, Deflection Y, and Slope

W W WL WL W W
28. v Ry =95 RC=§; My, =g M. =g (AtoB)V=‘2'; (BtoC)V=-"2‘
=2 (AtoB) M= EL&%;LL; (BtoC) M = 332%2351; Max. (M) = %L at B
(:‘ X
w1 Mo IMax. (M) = - XL at A and C; (A to B) y = - —— (3Lx2-4x")
r ' 8 ’ 7 48ET
R R WL
A C = -
Max. y 19551 at B
29 Ry = b (3atb); Rg = va” (3b+a); M, = Wab? - Wba
' A3 © 03 S 2R
(A to B) V = Rp; (B C) V=R W; (A M= Hab? +
As to V =Rp - W; (A to B) = - L2 Rpx
Wab?
(B to C) M=—'—2+RAX-W(X-8);
L
! 2
, * Max. (M) = - Wig + Rpa at B, max. value = %L when a = %
RA‘ L IRC
Max. (-M) = -My when a< b, max. possible value = -0.1481 WL when a = %
Max. (-M) = -M_, when a>b, max. possible value = -0.1481 WL when a = %L

(p,3u0d) uoTloa[FeQq pue JuswWOR ‘IedYS§ [°1‘% €

61 98ed

1961 1tady 17

4 uoTID3S



Table 4.1.1-"

Bear Formwulas (Cont'd)

Statically Indeterminate Cases

Type of loading and
case number

Reactions,

Vertical Shear, Bending Moments, Deflection Y, and Slope

29. (Cont'd)

wh2x?

30.
y
W:wt
C'|lilIiJ1iliii5\
MaNIR — Bp, X
. MB
Ra : Rg

(AtoB) y = SEIL (3ax + bx - 3al)
Wel(L-x)% | )
(B to C) y = ——=3 |(3b+a) (L-x) - 3bLJ
oEIL L
21a3p2 2al .
M ;S e ey ==
fax. ¥ SEI(Garb)? 20 X T 3a4p f 22D
2a’h? 2LL
. i L Ve - - . -
Max., y 5%???3;;72 at x = L 3bia if a<b
W W WL WL W 2%
o = - = —- = — = — ] = — - —
Ry =33 Rg =5 Ma =g Mg =955 V=5 (1 - 97
2
M =¥ f; - X . L\; Max. (M) = B a¢ x = L
2 \0 LT 6, 24 2
- WL ‘ _ _ux? 9 .2
Max. (-M) 12 at A and By y = 24ETL (2Lx-L<~- x°)
..{..rLB

Max.

N

at x =

P, 300Dy UOT309[JaQ PUE JUSWON "IEAYS T T1°HH

0z °22e4

‘6 A1np
49 uot1109g
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Table 4.1.1-2 Beam Formulas (Cont'd)

Statically Indeterminate Cases

Type of loading and
case number

Reactions, Vertical Shear, Bending Moments, Deflection Y, and Slope

31,
¥y d
=5
a—-r-rc
C “[IEEID pL:
MA A B [ o MD
d=L-L o-z'b
Wz we

3 3
W ( 2 8d 2be? c 2), _
Ry = 2 12d = + I -1 ¢® i Rp = W = Ry

W (24d3 6bc? | 3c3
My= -2\t "1 T1

+ 4c? - 24d2>

3 2 3

_ W (24d _ 6be® 3¢ 2 2 , -

M, = 55T \ T I + I + 2¢ 4844 + 24dL), (A to B) V =Ry
(B toC) V=Ry - W(Eéé ; (CtoD) V="Ry -W; (AtoB) M= -MyHRpx

2
(B to C) M = -My + Rpx - w'%;éﬁ ; (Cto D) M = -M, +R,x - W(x-L+d)
C

A
RAC

Max. (+M) is between B and C at x = a + — = ;
Max. (-M) = -My when a< (L-b); Max. (-M) = -Mp when a> (L-b)

- L 3 _ 2
(A to B) y = o7 (RyX~ - 3Max?)

4

B 3 2 W{x=-a)

(B toC) y =73 <£Ax - xS - >

(CtoD)y = E%TL Ry(L-x)3 - 3MD(L-x)2J

(P, JU0)) uOT3o®[3JoQ pue JUaWOl rieays T°1'% 4

1¢ 93eg

19617 11dy g
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Table 4.1.1:2 Beam Formulas (Cont'd)

Statically Indeterminate Cases

Type of loading and
case number

Reactions, Vertical Shear, Bending Moments, Deflection Y, and Slope

32, 1y

—

: Ve 2
_ 3W, _ W, _ WL, WL 3L X
Ry=Too R0 Ma~15 M =100 V W(go }?{)

M = 1)_(._.1.'_-_}{3-
10 ~ 15 ~ 312

Max. (M) = 0.043 WL at x = 0.548 L; Max. (;M) =-10 at B
=l (33 - 21x2 - ) ya - -0.002617 M2 2t x = 0.525 L
Y T GOET Y ' EL - X7

6M 6Mo
RA=-ET°- (aL-a2); Ro 3 (aL-a?); My

M
- E% (4La-3a2-12)

M .
Mo = I% (2La-3a%); V = +Ry; (A to B) M = -My + Ryx

(B to C) M= -MA + RAX +7M0

. ; 2 3
Max. (M) = M, (%é- - %az- + gg—) just to the right of B
7 2 3
Max, (-M) = \"It—a- - %3— + %g— - ) just to the left of B
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Table 4.1.1-2 Beam Formulas (Cont'd)

Statically Indeterminate Cases

Type of loading and

case number Reactions, Vertical Shear, Bending Moments, Deflection Y, and Slope
\ 1 2 2 2 3 3
33. (Cont'd) (B to C) T M, - My) (3% ~6Lx+3L ) - Ry (3L x-x -2L )
Max (-y) at x =1L - 2%2- if a< 2L
c

Max (+y) at x
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B4,1,2 Stress Analysis
The maximum bending stress is:
F D (- N ¢ )
I

The limitations are:

a) The loads on the beam must be static loads.,

b) The value of £ is the result of external forces only,

c) The beam acts as a unit with bending as the dominant action,

d) The initial curvature of the member must be relatively small,
(Radius of curvature at least ten times the depth)

e) Plane cross sections remain plane.

f) The material follows Hooke's law.

If the calculated stress does exceed the proportional limit, a suitable
reduced modulus must be used.

The maximum shearing stress in a beam in combined bending and
shear is:

s =

£ K A

where (K) is the ratio of the maximum shearing stress on the cross
section to the average shearing stress, The maximum shearing stress is
often expressed as:

s It

Where Q = erdA (First moment about the neutral axis of the area
Area between the neutral axis and the extreme outer
fiber.)
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B 4.1.3 Variable Cross Section

The following formulas and figures present a method of analyzing
beams with uniformly tapering cross sections, Figure B 4.1.3-1 shows
a tapered cantilever beam consisting of two concentrated flange areas
joined by a vertical web which resists no bending. The vertical com-
ponents of the loads in the flanges, P tan & 1, and P tan & 5, resist
some of the external force V. Letting V¢ equal the force resisted by
the flanges and V;, the force resisted by the webs, then:

. hy ho
From Fig. B 4.1.3-1, tan @y = Pt tan <, = P and tan o
by +bhy h

+ tan Q5 = . From this Vg = P o and since P =V E,
then
Ve =V e, e (3)

The load in the web is V %, so by writing a, b, and ¢, in terms of
h, and h, we have

o
h,
VW=V-h—~.... ................................................ (4)
h - h
Ve =V ( 9) (5)

Fig. B 4.1.3-1
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B 4,1.4 Symmetrical Beams of Two Different Materials

The analysis of symmetrical beams of two or more materials within
the elastic range may be analyzed by transforming the section into
an equivalent beam of one material, The usual elastic flexure formula
then applies,

The transformation is accomplished by changing the dimension
perpendicular to the axis of symmetry of the various materials in the
ratio of their elastic moduli, Examples to illustrate the method for
various conditions follows,

Example 1. Consider a beam made of two materials whose cross section
is shown in Fig. B 4.1.4-la. Assuming n = Ea/Es, the transformation
in terms of material (S) (Fig. B 4.1.4-1b) is then by = nb. The maxi-

mum stress in member (S) is then f(s) max = —fl and the maximum stress
-Mh
in member (A) is f(a) max = _Hfg‘ It is noted that the section could

have been transformed in terms of member (A) (Fig. B 4.1.4-1c) giving
the same results for the maximum fiber stresses,

!
4
B
s

0

7
%

o
N
) I i:\ \\\ ha

SN L\\\\\\\ﬁ?L

i
b, ]

N
RN
A

(a) () (c)

Fig. B 4.1.4-1

Example 2. Reinforced-Concrete Beams. It is the established practice
in calculating bending stresses in reinforced-concrete beams to assume
that concrete can withstand only compressive stress. The steel or
other reinforcing member then is transformed into an equivalent area
as shown in Fig. B 4,1.4-2b. The distribution of internal forces for
a beam (Fig. B 4.1.4-2a) over any cross section ab is shown in Fig.

B 4.1.4-2¢c.
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B 4.1.4 Symmetrical Beams of Two Different Materials (Cont'd)

l-o—b-—u ft—  ——a]
Q

E_Em\\l:

=2
»
A
z

E ?? - ‘. _____ R’
‘As nAS, b
(a) {b) {c)

Fig. B 4.1.4-2

To satisfy the equation of equilibrium, the internal moment must equal
the external moment. The mathematical statement is:

b (kd) (—%Q) = nAs (d-kd)=svrvramerss .. (D
e — — ~ v ~- v s’ N ’
Concrete Transformed
area arm steel area arm

From which

- Das ,,/ 2bd - _ U €3
kd = — (: 1+ == 1>

E steel
E concrete

where n =

The stress in the concrete fo and the stress in the steel fgt is

o = M (kd) ..viieiienninnns Ceteret e ceeaeecaenaan R 3
¢
fop = DM(d-kd e S
I
where

I = Moment of inertia of the transformed section.
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B 4.1.4 Symmetrical Beams of Two Different Materials (Cont'd)

Alternate solution: After kd is determined, instead of computing
I, a procedure evident from Fig, B 4.1.4-2c may be used. The resultant
force developed by the stresses acting in a "hydrostatic" manner on
the compression side of the beam must be located %ﬂ below the top of
the beam, Moveover, if b is the width of the beam, this resultant

force R, = %(kd} f, max, (average stress times area). The resultant

tensile force Ry acts at the center of the steel and is equal to Agfge,
where Ag is the cross-sectional area of the steel, Then if jd is the
distance between R and R_, and since R, = Ry, the applied moment M is
resisted by a couple equai to Rcjd or Rgjd.

B =d =2 et (5)

The stress in the steel and concrete is

M
f = k3 LI I N IR I I BT I B D I B B D I I I DN L B R R N ) ¢ & v A 2 4 e 4 " B S8 % H A" e 6
S T (6)

M
fc = E?EET—TEET .......................................... . D)
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B 4.2.0 Continuous Beams

B 4.2.1 Castigliano's Theorem

Castigliano's Theorem is useful in the solution of problems
involving continuous beams with only one or two redundant supports.
The theorem can be written as

L
5Q=g—Q=E% M%%ds ................................ (1)
’ L
5Q=%‘é§-=§k Vg%ds ................ FRTTRTRIIR (2)
’ L
ea = g%f = E% ; M %%“ ds i e e e (3)
where

5Q is the deflection at the load @ in the direction of Q.
Q may be a real or fictitious load.

is the slope at the moment Ma in the direction of Ma'

may be a real or fictitious moment.

is the strain energy of the beam.

is the bending moment due to all loads.

is the vertical shearing forces due to all loads.

is the cross—sectional area of the beam.

is the modulus of elasticity.

_H H P 2O mz JO

is the moment of inertia.
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B 4.2.2 Unit Load or Dummy Load Method

The unit load or dummy load method may be used to determine
deflection at elastic or inelastic members. Deflection of inelastic
members by this method is given in section B 4.5.0. The theorem as
applied to elastic beams is written in integral form as

L
5 fEIdx ¢y
o]

L
m'
8 = am e ee e aiaes et et ittt a ettt o (2
J/\EI dx
o

Where (8) is the deflection at the unit load and (8) is the rotation

at the unit moment. The Moment (M) is the bending moment at any
section caused by the actual loads. (m) is the bending moment at any
section of the beam caused by a dummy load of unity acting at the point
whose deflection is to be found and in the direction of the desired
deflection. The bending moment (m') is the bending moment at any
section of the beam caused by a dummy couple of unity applied at the
section where the change in slope is desired. It is noted that although
(m') may be thought of as a bending moment, it is evident from the

expression m' = %%— that it is actually dimensionless.
a
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B 4.2.2 Unit Load or Dummy Load Method (Cont'd)

Illustrative Problem: Find the elastic vertical deflection of the

point A (Fig. B 4.2.2-la) of the simply supported beam subjected to
two concentrated loads.

P P ’
L L
/4——" -— -j /4 L@,i ILh.

| I-‘

A ‘I’— *

R=P R=P ]
3
L ——! 77 p— 4

(a) {(b)
M M=PX;
M=p L/ m=3X |
e " /r\g—}
(c) {d)
Fig. B 4.2.2-1
Solution:

The actual loading is shown in Fig. B 4.2.2-la and the
dummy loading is shown on Fig. B 4.2.2-1b. The moment for the actual
loading is shown on Fig. B 4.2.2-1c and the corresponding moment dia-
gram for the dummy loading is shown on Fig. B 4.2.2-1d.

The deflection by use of equation (1) noting that x] starts at
the left and x9 starts at the right is

L
A

L b ‘
voPxy [/ 3x) Pxy (xz >
‘ H — (=2 X2 (22 ) ax
b:f'ﬁ dx =k/ EL (4 )dxl +‘/E1 4 2
o
3

(o] 0
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B 4,2.3 The Two-Moment Equation

The two-moment equation may be used to determine the bending
moment at one section of the beam when the shear and bending moment at

another section and the loads applied to the beam between the two
sections are known.

The expressions for the moment and shear corre=-
sponding to Fig,. B 4.2.3-1 is

O T T B S ¢

V2=v1+F ses o

R ¢3

CENTROID OF LOADS

M2

Fig. B 4.2.3-1

The two-moment equation is particularly useful in determining the
curve of bending moments and shears in the case of a cantilever beam
subjected to distributed loads, such as shown in Fig, B 4.2.3-2,

The
calculations may be done in tabular form as in Table B 4.2.3-1.

30¥
|4# 187 N IN
191* N IN ’.-T‘rj _
I
_’(’T //l"/’
e [0—+fo— 10—=fa— 10—t 10—t o—]

NN

50

Fig. B 4.2.3-2
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B 4.2.3 The Two-Moment Equation (Cont'd)
Station W= Shear A * Bending Momeng 2
{inches Load V=(W1+W2) —EE> M=(2W1+Wy) e V1(AX)
from end) | 1b/in
0 10 0 0
(L0+14)10/2= 120 9 567
(2-10+14)10%/6 =
10 14 120 567
(2-14+18)102/6 =
(146+18)10/2=| 160 | 150.10 = 767
1200
20 18 280 2534
(2+18+22)104/6 = 976
_(18+22)10/2={ 200 280-10 = 2800
30 22 480 6301
(2-22+26)102/6 = 1167
(22+26)10/2= | 240 48010 = 4800
40 26 720 12,268
(2-26+30)102/6 1367
(26+30)10/2=| 280 720-10 = 7200
50 30 1000 20,835

Table B 4.2.3-1

*The increment of bending moment between stations may be calculated
from the relation:

M = (AV) (Dist. from centroid of trapezoid to inboard station)

+ Vi (Ax)




Section B &4
21 April 1961

Page 34

B 4.2.4 The Three-Moment Equation

The three-moment equation is useful in the solution of problems

involving continuous beams with relatively few redundant supports. The
equation is:

MaL, My L MpL ML
all + bL1 + bL2 + cl2
I I I, Iy

i

K1+K2+@(Y3'Yb)+6—E(YC'Yb) Srrr et Es s s ceu e (l)
Ly L2

Where (K;) and (K2) are functions of loading on span (Lj) and span
(Lg), respectively.

Fig.B 4.2.4-1

One equation must be written for each intermediate support, The
system of simultaneous equations is then solved for the moments at
the intermediate supports.

Values at (K;) and (Ky) for various types of loading are tabulated
in Table B 4,2.4-1.



Section B 4
21 April 1961
Page 35

B 4.2.4 The Three-Moment Equation (Cont'd)

Table B 4.2.4-1 Kj and Ky Values for Various Load Conditions

Type of Loading Left Bay -Kj Right Bay - K2
1. ) 5
b} il Hgly
ATTTTTITTTT ] 22z
= — 411 4712
— '
2. )
"] o b @ ey (301012 +igcy (3Lg2- ¢2?)
w
— (ITFEfY 81 81,
1
—
3.
A w1[b12@2n 2-b12)-a 2 (2142 - a?) ]
l =
b —-—i 441
" . N
2 2 2
L TTTIPREf wy [ b7 2Ly =b )2y (21" = a,%) ]
T Kz = +
t ¢ ‘ 412L2
L.
: 3
+20y Ly 3 +7valy
_f~ﬂrTT11TEII]T7“ bh | 60 12
}-—_ L ‘——.I
5.
3 3
T | 2ol
6. W
F‘“‘Vﬁ VY% 2
2
. ] " +3L1" +3Ly Wy
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Table 4.2.4-1 Kj and K, Values for Various Load Conditions

Type of Loading

Left Bay -~ Ky

Right Bay - K

3
+¥1l1
321,

4+5wLo?
321,

) 1
S.
W
2 .2 2 é)
’_— Q —-—f——b ——’ Wlal (Ll -al ) +w2b2 (L2 _b2 '
| | 1Ly 1L,
L
¥ '
9,
M 3aq2 3b
PUPSTRENORENURY I ¥ R (_2_ L
M | I\ !
f |
L
Y
10.
L
6
. ’
6
Ky = J[‘ Mo x3 dxgp
| ] 22
) 1

Where M is the bending moment,
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B 4.2.5 Moment Distribution Method

The moment distribution method is suggested for the solution of
problems involving continuous beams with many redundant supports. The

discussion and application of the method is given in sectiom B 5.0.0
(Frames).
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B 4.3.0 Curved Beams

B 4.3.1 Correction Factors for Use in Straight-Beam Formula

When a curved beam is bent in the plane of initial curvature,
plane sections remain plane, but the strains of the fibers are not
proportional to the distance from the neutral axis because the fibers
are not at equal length. If(K)denotes a correction factor, the stress
at the extreme fiber of a curved beam is given by

Mc
I

f =K

in which

s oo ]
- AR [1 + Z(R + ¢)

Mc
I

K

where

is the bending moment

is the cross sectional area

is the radius of curvature to the centroidal axis

is the distance from the centroidal axis to the extreme
outer fiber

I is the moment of inertia

- _ L1 [ ¥
2e- b [ w

oWk =

Values of K for different sections are given in Table B 4.3.1.1.
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Table B 4,3.1-1

Values of K for Different Sections and Different Radii of Curvature,

R Factor K
Section c Inside Fiber Outside Fiber
1,
1.2 3.41 0.54
1.4 2.40 0.60
R = 1.6 1.96 0.65
i 1.8 1.75 0.68
2.0 1.62 0.71
[=—h 3.0 1.33 0.79
4.0 1.23 0.84
| 6.0 1.14 0.89
8.0 1.10 0.91
te-——h 10.0 1.08 0.93
K the same for circle
and ellipse and inde-
pendent of dimensions.
2. 1.2 2.89 0.57
1.4 2,13 0.63
l.c% 1.6 1.79 0.67
— 1.8 1.63 0.70
2.0 1.52 0.73
' | 3.0 1.30 0.81
4.0 1.20 0.85
— R — 6.0 1.12 0.90
8.0 1.09 0.92
10.0 1.07 0.94
K independent of
section dimensions
3. 1.2 3.01 0.54
b e 1.4 2.18 0.60
Py 1.6 1.87 0.65
- 1.8 1.69 0.68
—1—- 2.0 1.58 0.71
¥ 3.0 1.33 0.80
b Ples 4.0 1.23 0.84
4 6.0 1.13 0.88
8.0 1.10 0.91
10.0 1,08 0.93
R
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Table B 4.3.1-1 (Cont'd)

Values of K for Different Sections and Different Radii of Curvature

R Factor K
Section c Inside Fiber Outside Fiber
4, 1.2 3.09 0.56
1.4 2.25 0.62
————3b 1.6 1.91 0.66
- ¢ ] 1.8 1.73 0.70
L] 2.0 1.61 0.73
Nl I 3.0 1.37 0.81
i | 2o | 4.0 1.26 | 0.86
6.0 1.17 0.91
\'P‘*‘-‘J_ 8.0 1.13 0.94
- 10.0 1.11 0.95
5. 1.2 3.14 0.52
1.4 2.29 0.54
\ 5b 1.6 1.93 0.62
. 1.8 1.74 0.65
¢ 2.0 1.61 0.68
| /T 3.0 1.34 0.76
: I ab | 4,0 1.24 0.82
T _L 6.0 1.15 0.87
8.0 1.12 0.91
[ 10.0 1.10 0.93
‘—-——R-——-—.—
6. 1.2 3.26 0.44
5 1.4 2.39 0.50
2b 1.6 1.99 0.54
"'_:'L" 1.8 1.78 0.57
/T 2.0 1.66 0.60
3.0 1.37 0.70
|| I 4.0 1.27 0.75
6.0 1.16 0.82
N 8.0 1.12 0.86
10.0 1.09 0.88
s el - e
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Table B 4.3.1-1 (Cont'd)

Values of K for Different Sections and Different Radii of Curvature

R Factor K
Section c Inside Fiber QOutside Fiber
7. 1.2 3.65 0.53 :

1.4 2.50 0.59
1.6 2.08 0.63
1.8 1.85 0.66
2.0 1.69 0.69
2.5 1.49 0.74
3.0 1.38 0.78
4.0 1.27 0.83
6.0 1.19 0.90
8.0 1.14 -0.93
10.0 1.12 0.96

A = 1,05b

1 = 0,18b%

C = 0,70b
8. 1.2 3.63 0.58
1.4 2.54 0.63
| 3 1.6 2.14 0.67
izt ‘4? - 1.8 1.89 0.70
2,0 1.73 0.72
{ —f 3.0 1.41 0.79
[ Lt 4,0 1.29 0.83
! || 6.0 1.18 0.88
. | _l_ 8.0 1.13 0.91
10.0 1.10 0.92

f- ¢ e-l
——— R —
9. 1.2 3,55 0.67
= £ -3t {2t ] 1.4 2.48 0.72
_ 1.6 2.07 0.76
1.8 1,83 0.78
} } 2.0 1.69 0.80
4t Tt 6t 3.0 1.38 0.86
4,0 1.26 0.89
_L_rf | 'l 6.0 1.15 0.92
‘ 8.0 1.10 0.94
10.0 1.08 0.95
DO
R —=f
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Table B 4.3.1-1 (Cont'd)

Values of K for Different Sections and Different Radii of Curvature

R Factor K
Section c Inside Fiber QOutside Fiber
10, 1.2 2,52 0.67
1.4 1.90 0.71
4_] - - 1.6 1.63 0.75
t t—=t 1.8 1.50 0.77
T -5 2.0 1.41 0.79
3.0 1.23 0.86
3t 3t 4,0 1.16 0.89
i 4, | 6.0 1.10 0.92
8.0 1.07 0.9
- ¢ - 10.0 1.05 0.95
-~ R ——]
11. 1.2 3,28 0.58
1.4 2.31 0.64
24 1.6 1.89 0.68
= — 1.8 1.70 0.71
2.0 1.57 0.73
3.0 1.31 0.81
4.0 1.21 0.85
6.0 1.13 0.90
] 8.0 1.10 0.92
10.0 1.07 0.93
7. J
R
12. 1.2 2.63 0.68
; 1.4 1.97 0.73
4™ 1.6 1.66 0.76
r 1.8 1.51 0.78
Lo 2.0 1.43 0.80
S O I ot le 3.0 1.23 0.86
t t 4.0 1.15 0.89
I 6,0 1.09 0.92
8.0 1.07 0.94
o ce 10.0 1.06 0.95
’—.———— R et
|
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B 4.4.0 Bending-Crippling Failure of Formed Beams

This section contains methods of analysis applicable to formed
or built-up sections which are critical in the bending-crippling mode of
failure, This method is to be used when plastic bending curves are not
available, otherwise use Section B4.5,

It is noted that a positive margin of safety derived from this
analysis does not preclude failure in another mode.

The analysis procedure is divided into two sections according to
the type of applied loading as follows:

Section

B 44,1 Bending moment only.
B 4,4.,2 Combined bending moment and axial load.

Examples are given to illustrate the procedure for each type of
loading.

B 4.4.1 Analysis Procedure for Bending Moment Only

le-Fcc
_! Compression Area
Foc

- - Neutral Axis (n.a.)

Figure 1. Bending-Crippling of Formed Shapes
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B4, 4.1 Analysis Procedure for Bending Moment Only (Cont’d)

(a)
(b)

(c)
(d)

(e}

Locate the neutral axis (line of zero fiber stress) of the cross-
section assuming a linear stress distribution,

Divide the compression area into elements according to Section C 1,
pages 11-16,

Calculate Fcep py according to Figure C 1.3,1-13 for each element.
Calculate the allowable bending-crippling moment by summing
moments about the neutral axis for the compression area and
doubling the result.

M=2[Z Fec_ by ty ¥y + Z Feey byt Tiy/2] vevenenan (1)
\ J J
—

'Y'
For flange For web
members members
where:
?n m - distance from neutral axis to the resultant force of each
’ element.

This equation is applicable for all shapes although only a formed
channel is shown in Figure 1,

The margin of safety is given by:

.

M

(ult) M. S. =W -1 R LR R {2)
where:

M = applied bending moment at the cross-section in question.

M = allowable bending-crippling moment from Eq. (1).

(FS)ult = ultimate factor of safety.

Note: if the section is unsymmetrical, the tension flange should be
analyzed in the conventional manner.
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B4,4.,1  Analysis Procedure for Bending Moment Only {Cont'd)

Example 1

Determine the margin of safety in bending-crippling for the cross-
section shown below if the bending moment is 4000 in. -1b and a factor of
safety of 1.4 is desired,

.12
Typ Mech. Prop.

i Given:
Mat'!'l = 6061-T6 Bare Sht,

Ftu

JlL F,, = 35 ksi
E =9.9 x 10° ksi
"1.75 . .

Channels are intermittently riveted
Typ together,.

42 ksi

!

Figure 2. Back-to-Back Formed Channels

Analysis

{a) The neutral {centroidal) axis for this case is determined by inspec-

tion. ‘
ls1,5q-..| L. .12 4,02 = .14 in.
T——-—f— _T b1 1.59 4+ .535(.14)

1 46 1.34 b, =1.34+.535(.14)

Jl ina

1,665 in,

1,415 in,

H
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B4.4,1  Analysis Procedure for Bending Moment Only (Cont'd)

Example 1 (Cont'd)

F b
—ey 21 _ 35 1.665 _ , 475, Fec, = .275(35
E t 9.9 x 103 . 040 1 (33)
= 9_62 ksi
} by 35 1.415
+ V555703 oz0 = 2103 Fecp = .76 (35)
= 26.6 ksi

(d) M =2[ Mﬂange + Mg ] Ref. Eq. (1)

= 2 [(9.62)(1.665) (.04) (1.48) + (26.6) (1.415)(.04)(1.46)/3]

= 3,36 in-kips (for each channel) See page278for Fcc_, by, th,
and ¥,
(e) Margin of safety
(ult) M. S. ————-ﬁ——-l———”—"o— 1= +0.20
N ' (FS),y, M/2 1. 4(2000) T =
where:
M/2 = 2000 in-1b (per channel)
Ref, page 278
(FS) ), = 1.4

|
- Bh4,4,2  Analysis Procedure for Combined Bending Moment and Axial
7 Load

1. Calculate steps (a) through (d) according to the procedure of Section
" B 4,6.1. If the neutral axis falls outside the cross-section, con-
sider the section to be stressed as a column and compare with the
maximum applied' fiber stress.
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Analysis Procedure for Combined Bending Moment and Axial

Bh. 4,2
Load (Cont'd)

Calculate the section modulus of the compression area about the

2.
neutral axis assuming a mirror image,.
I
7, = I(lj 2 (see Example 2) ....vu.n e e e e eanan (3)
" “n.a. C
3. Compute the equivalent allowable stress
= M
F=-Z—~——-— crerseetensenraas . (4)
“n.a.
4, The margin of safety is given by

I &),

F
(WIt) MS = o = 1 i iiieenaan R
(FS) gt fe

where:

P Mc ) .
f = N * (maximum applied compressive stress)

C c. g.
Note: If the normal load (P} is tensile, the tension flange should be

analyzed in the conventional manner,

Example 2
Determine the margin of safety for bending-crippling failure for

the beam column shown in Figure 3,
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Analysis Procedure for Combined Bending Moment and Axial

—

Load (Cont'd)

Example 2 (Cont'd)

Given:

Mat'l = 6061-T6 Bare Sht

Mech. Prop.
F, = 42 ksi
F_ =35ksi
cy

P =50001b
M = 6400 in-1b

(FS) ., = 1.4

ult

E =9.9x10 ksi

Angles are intermittently riveted together.

Figure 3,

Back-to-Back Formed Angle

Io—l.SOO-— |-1.26 . 080
Typ $TYP
[) ¢ 7 3
M ) 160] i T
T
c.g. axis P _ *
r‘ -Yn-. a
’ n. a.
YC. .
g 2.760
3. 000
1 1 — JL ,J_
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B4,4.2  Analysis Procedure for Combined Bending Moment and Axial
Load {Cont'd)

Example 2 (Cont'd)

I-—l z{‘—.i/@ ELE A y Ay | Ay? I
(@ |.1008|2.96 | .298| .883 -
1(1
- ——L @ |.0250|2.89 | .072| .209 -
- yn.a
’ (B3 |.22081.38 | .305| .420 |.140
v 2.76 TOT.|. 3466 L6751 1.512 | . 140
l‘ | v
_ ZTAy _ .675 ,
Ye.g. = TA " 3166 - 1947 in.

I =ZAy2+ZIO-yg . T A =1.512 +.140 - (1.947)° (. 3466)

=,338 (for each angle)

Myn.a. ‘
Ic.g.

P
0 =—
A:t

(2)

Ie.g. 5000 (2)(.338)
M T T 2(.3466) 6400

n.a.

P
K -. 762 in.

<
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B4.4,2 Analysis Procedure for Combined Bending Moment and Axial
Load {Cont'd)

Eﬁ:ample 2 (Cont'd)

(b)
I‘—I-Z""l r =.16+.04 = .20 in.
m
; ' b; =1.26 +.535(.20) = 1. 367 in.
1.775 |
1.575 b, = 1,575 +.535(.20) = 1,682 in.
1.735 ‘
. a.,
(c)
F b .
f cy 1 35 1,367 _ _ _ .
F_ b ] |
cy 22 - 35 1.682 - _ - .
T 9.9 x 103 .08 1.250, Feccp =1.1(35)=38.5 ksi
(d)

2[ Mﬂange + My.p] Ref. Eq. (1)

2[ 19.60(1.367)(.08)(1.775) + 38.5(1.682)(.08)(1,735)/3]

13.60 in-kip (each angle)
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B4 L, 2 Analysis Procedure for Combined Bending Moment and Axial
B} “Load (Cont'd)

Example 2 {Cont'd)

2. Section modulus about n.a.

Compression
Area
ELE A y Ay Ayz I, @
(D) |.1008 [1.775 |.179 | .318 | - — T 1
1.702
@) |.0250 {1.702 |.042 |.072 | - 1775 & —t
1.815
1 . 788 )
@ .1260 | .788 1.099 |.078 |.026 A -1 ¥
H
TOT. . 468 |. 026 i
E,;"—Mirror
Rt Imape
_ 2
In'a' =2[ T Ay +'z:10]
= 2[.468 +.026] =.988 in? (for each angle)
z = 2:988) _ 1 089 inS

Ch.a. 1.815
3. Equivalent allowable stress

_2 (M) _ 2(13.60)

Z 1.089

n.a.

F = 25.0 ksi
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B4, 4,2 Analysis Procedure for Combined Bending Moment and Axial
Load {Cont" d)

Example 2 {Cont'd)

Applied compressive stress

p _P Mc
N + 1
Cogl
_ 5 . 6.4(1.053) 5, .
T 2(. 3466) 2(.338) ~ '
4. The margin of safety is
F 25.0
e n ] = ————_ ] = .04
(ule) MS (FS)_, I V=qaar.y - 1=° t28

where:

(ZF‘S)lllt = 1,4 Ref. page 281
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